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Abstract. We find necessary and sufficient conditions of irreducibility of vacuum mod- 
ules over affine Lie algebras and superalgebras. From this we derive conditions of sim- 
plicity of minimal M^-algebras. Moreover, in the case of the Virasoro and Neveu-Schwarz 
algebras we obtain explicit formulas for the vacuum determinants. 



0. Introduction 

0.1. One of the aims of the present paper is to find conditions of irreducibihty of vacuum 
modules over the affine Lie superalgebra 

Q = g[t,t-^+CK, 

[at™, 6r] = [a, 6]t™+" + m6„^,-nB{a\b)K, [at"", K] = 0, 

associated to a simple finite dimensional Lie superalgebra q with a non-degenerate even 
invariant bilinear form -B(.|.)- Recall that the vacuum module is the induced module 

from the 1-dimensional module with trivial action of Q[t] and K = k E C 

0.2. In order to state the result, let 2/i^ be the eigenvalue of the Casimir operator 
ajO* in the adjoint representation of g, where {oj} and {a*} are dual bases of g i.e. 
B{a'^\aj) = 6ij. The numbers /i^ and k depends on the normalization of the bilinear form 
B: if B is multiplied by a non-zero number 7, then both /i^ and k get multiplied by 7"^. 

For a simple Lie algebra q the standard normalization is B{a\a) = 2 for a long root 
a. In this case, /i^ is called the dual Coxeter number; it is a positive integer, denoted 
by h"^ (these integers are listed, e.g. in |K3j ). For simple Lie superalgebras a "standard" 
normalization of B was introduced, and the values of /i^ listed, in jKW2j . 

For a non-isotropic root a introduce 

k^ := ^±^. 

" B{a\a) 

Note that this number is independent on the normalization of B. 
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0.2.1. Theorem. Let g be a simple finite- dimensional Lie algebra. The vacuum g 
-module is not irreducible if and only if ka G Q>o \ for a short root a of g 

(equivalently, if and only if l{k + /i^) is a non-negative rational number which is not the 
inverse of an integer, where I is the ratio of the lengths squared of a long and a short root 
ofd). 

0.2.2. Theorem. Let q be a simple Lie superalgebra osp(l, 2n). The vacuum Q-module 
is not irreducible if and only if ka G Q>o \ { 2m+i }m=o where a is an odd root of q 
(equivalently, if and only if k + 2n + l is a non-negative rational number which is not the 
inverse of an odd integer, if B[a\Q.) = 1 for an odd root a of q). 

0.2.3. Conjecture. Let g be an (almost) simple finite- dimensional Lie superalgebra of 
positive defect jKW2j . i.e. one oftheLie superalgebras 5l{m,n) {m,n > 1), osp{m,2n) {m > 
2,n > 1), D{2, 1, a), F{A) or G{3). Then the g-module is not irreducible if and only if 

(1) ka G Q>o for some even root a of g. 

Note that is always reducible at the critical level k = —h^. 

0. 2.4. Theorem. Conjecture \U.2.'^ holds for simple Lie superalgebras of defect 1, 

1. e. g = s[(l, n), osp(2, n), osp(n, 2), osp(3, n) withn>2, D{2,l,a), F{A),G{3), and for 
S = 0K2,2). 

More explicitly, in the standard normalization (see ll().1.2|l for the Lie superalgebras 
g = sl(l, n), osp(2, 2n), the module V'' is not irreducible if and only if + n — 1 is a non- 
negative rational number. For the Lie superalgebras g = osp{3,n), osp(n, 2) with n > 2, 
F(4), ^(3), D{2, 1, a) with a G Q, the module V'' is not irreducible iS k + h"^ is a rational 
number, where /i^ is given in the table in ll0.1.2l For D{2,l,a),a ^ Q, the vacuum module 
V'' is not irreducible iff e Q>o U Q>oa U Q>o(-l - a). For g = g[(2,2) the standard 
normalization is B{a\a) = 2 for an even root a; the module is not irreducible iff k is 
a rational number. 

0.2.5. In order to prove these results, we derive a formula for the determinant of the 
Shapovalov form on any generalized Verma module, induced from a 1-dimensional rep- 
resentation of a parabolic subalgebra of an arbitrary symmetrizable contragredient Lie 
superalgebra, using methods of |Janj and |KKj . Unfortunately, unlike in the Verma mod- 
ule case |KKj . the exponents of the factors of the determinant are rather complicated 
alternating sums, and it is a non-trivial problem to find when these sums are positive. It 
is a very interesting problem to find a determinant formula for a vacuum module over g 
with manifestly positive exponents. 



0.3. We were unable to find such a formula affine Lie super algebras, but we did succeed 
in the case of the Virasoro algebra Vir and the Neveu-Schwarz superalgebra AfS. 

Recall that Vir is a Lie algebra with a basis {Ln{n G Z), C} and commutation relations 

(2) [Lm, Ln] = [rn — n)Lm+n H ^2 — ^m,-nC, [C, Lm] = 0. 

Given c G C, a vacuum module over Vir is the induced module 

where Vzr+ = CC + Yln>-i '^^n and Cc is the 1-dimensional Vir+-module with trivial 
action of L„'s, and C = c. The problem is to compute the determinant of the Shapovalov 
form, restricted to the A^-th eigenspace of Lq in V'^, N G Z>o. This is a polynomial in c, 
which we denote by det^(c). (It is defined up to a non-zero constant factor, depending 
on a basis of the eigenspace.) 

0.3.1. In the case of a Verma module over Vir the answer is given by the Kac determinant 
formula [K2],jKR|: 

det^+^(/i,c) = const J] cf^'^^-''^), 

r,seZ>i 

where h is the eigenvalue of Lq on the highest weight vector |/?.,c), (pr,s{h,c) are some 
(explicitly known) polynomials of c and h of degree < 2, and pd is the classical partition 
function. From this, using that a Verma module over Vir has no subsingular vectors 
(see jAstj for a simple proof of this fact), one obtains immediately the roots of det^(c), 
but it is a non-trivial problem to compute exponents. We obtain the following formula 
(via checking a simple combinatorial identity): 

(3) det^(c) = const J] " " ^^^^)f''''-\ 

p>q>2, 
(P,<j) = l 

where p,q & Z>2, L^''' = L{(p — l)(g — 1); 1 — ) is the irreducible highest weight 

Vzr-module with the lowest eigenvalue of Lq equal (p — l)(g — 1) and c = 1 — ^^^''^^ ^ and 
L^*^ is the iV-th eigenspace of Lq in L^'"?. The dimensions of these eigenspaces are known 
exphcitly jFFj: 

(4) dimL^'^= {Pci{N-{jp+l){jq + l))~p4N-{jp + l){jq~l)-l)). 

j&\{0} 

Next, we prove the following fact (which can be deduced from [FFj . but our proof is 
simpler and can be extended to other cases). 



0.3.2. Theorem. Let v & be an eigenvector of Lq, killed by all Ln with n > 0, and 
not proportional to the highest weight vector |0,c). Then Lqv = 2Nv for some positive 
integer N, and in the decomposition 



the coefficient of L^2\^j'^) ^■^ non-zero. 

The following corollary of formula Q and Theorem 10.3.21 is well-known. 

0.3.3. Corollary. The following conditions on the Vir-module are equivalent: 

(i) is not irreducible; 

(ii) 0=1 — for some relatively prime integers p,qE Z>2; 

(iii) span{L_„f I n > 2,f e Vc}, where Vc is the irreducible factor module of the Vir- 
module V^, has finite codimension in Vc- 

We also obtain results, analogous to formula Theorem 10.3.21 and Corollary 10.3.31 
for the Neveu-Schwarz algebra, the simplest super extension of the Virasoro algebra. 

0.4. Recall (see e.g. |K4p that the g-module V'^ (resp., Vir-module V^) carries a canon- 
ical structure of a vertex algebra, and the irreducibility of these modules is equivalent to 
the simplicity of the associated vertex algebras, i.e. to the isomorphism Vk = V'' (resp., 
Vc = V^). An important problem, coming from conformal field theory, is when a ver- 
tex algebra satisfies Zhu's C2 condition I Zhuj . In the case of the vertex algebra Vc, C2 
condition is property (iii) of Corollary I0.3.3( thus, this corollary says that Vc satisfies C2 
condition if and only if is not simple. We also show that the same property holds for 
the Neveu-Schwarz algebra (but it does not hold for > 1 superconformal algebras). 

It is easy to see that the vertex algebras V'' and the vertex algebras W^i^Q, /), obtained 
from V^ by quantum Hamiltonian reduction (where / is a nilpotent even element of g) 
|KRWj . [KWlj never satisfy the C2 condition. It is also not difficult to show that among 
their quotients only the simple ones have a chance to satisfy the C2 condition, and a 
simple affine vertex algebra Vk satisfies the C2 condition if and only if g is either a simple 
Lie algebra, or g = 05p(l,2n) (i.e. g has defect zero), and the g-module Vk is integrable. 

Much more non-trivial is the problem for the simple quotients Wk{Q, f) of the vertex 
algebra W^{g, /), which includes the Virasoro, Neveu-Schwarz, and other superconformal 
algebras. It has been proved in many cases jArj that the image of a simple V^'^-module 
under the quantum Hamiltonian reduction is either a simple W^Iq, /)-module, or 0. Using 
this. Theorem 10.2.11 and the Kazhdan-Lusztig theory, we were able to find the necessary 
and sufficient conditions on k for which W''{g, f) is simple in the case when g is a simple 
Lie algebra and / is a minimal nilpotent element. Namely, for g 7^ s[2, the k for which 
^^{Q-i f) is simple are given by Theorem 10.2.11 (since W^{s{2-i f) is the Virasoro vertex 



V = 





Jl+i2 + ---+is=2iV 



algebra, in this case the answer is given by Corollary Consequently, for these values 
of k the vertex algebra Wk{Q, f) does not satisfy the C2 condition. 



1. Preliminaries 

Our base field is C. We set Z>n '■= {m G Z| m > n}. If \^ is a superspace, we denote 
by p{v) the parity of a vector v & V. For a Lie superalgebra g considered in this paper, 
any root space is either pure even or pure odd; we denote by ^(7) G Z/2Z the parity 
of Q-y and let 5(7) = (— 1)^*^'^). For a Lie (super) algebra g we denote by W(g) its universal 
enveloping (super) algebra. 

1.1. Contragredient Lie superalgebras. Let J be a finite index set, and let p : J ^ 
Z/2Z = {0, 1} be a map called the parity map. Consider a triple A = (1), 11, n"^), where f) 
is a finite-dimensional vector space over C, 11 = {ai}jQj is a linearly independent subset 
of f)*, and = {hi}j^j is a linearly independent set of vectors of f). One associates to 
the data {A,p) the contragredient Lie superalgebra q{ A, p) as follows |Klj . |K3j . 

1.1.1. First, introduce an auxiliary Lie superalgebra q{A, p) with the generators e-,-, fj (j G 
J) and f), the parity defined by p{ej) = p{fj) = p{j), p{i)) = 0, and the following defining 
relations: 

[ci, fj] = Sijhi {i,j G J), [h, h'] = {h, h' el)), 

[h, Cj] = aj{h)ej, [h, fj] = -aj{h)fj (h G P), j G J). 

The free abelian group Q on generators {<yi}j^j is called the root lattice. Denote by 
the subset of Q, consisting of linear combinations of aj with non-negative coefficients. 
Define the standard partial ordering on P)*: a > (3 for a — (3 E Q^. Letting 

deg Cj = aj = - deg fj, deg f) = 

defines a Q-grading of the Lie superalgebra g{A,p): 

Q{A,p) = ®a&QQa- 

It is clear that each ga has parity p{a), where p : Q Z/2Z is defined by additively 
extending p : J Z/2Z. One has the triangular decomposition 

q{A,p) = n_ © f) ©n+, 

where n_ (resp., fi+) is a subalgebra of q{A,p) generated by the /,'s (resp., e/s). Conse- 
quently, Qo = i), n± = ®a&Q+Q±a- 



1.1.2. Let I{A,p) be the sum of all Q-graded ideals of q{A,p), which have zero intersec- 
tion with the subalgebra f), and let 

QiA,p) ■.= giA,p)/IiA,p). 

The Lie superalgebra g{A,p) carries the induced root space decomposition 

9{A,p) = ©aGQfla, 

and the induced triangular decomposition 

q{A,p) = n_ © [) © n+, where go = J), n± = ®aeQ+5±a- 

An element a G Q is called a root (resp., a positive root) if dimg^ 7^ and a ^ (resp., 
a G Q^)- Denote by A the set of all roots a and by A+ = A fl the set of all positive 
roots. 

The Lie superalgebra g{A,p) carries an anti-involution a (i.e. a{[a,b]) = [a{b),a{a)] 
and 0"^ = id) defined on the generators by 

a{ej) = fj, a{fj) = ej, a],, = id,, . 

1.1.3. The matrix A := {oij{hi)) . is called the Cartan matrix oi the data A (one can 
show that A and diml) uniquely determine ,4, and that, given A the triple A exists iff 
dim f) > I J| +coranky4). The matrix A is called symmetrizable if there exists an invertible 
diagonal matrix D = diag{dj)j(zj, such that the matrix DA = [bij) is symmetric. It 
is easy to see that if A is symmetrizable then there exists a non-degenerate symmetric 
bilinear form (.|.) on [) such that 

(5) dj{hj\h) = aj{h) for all j G J, /i G f). 

This bilinear form induces an isomorphism u : [) ^ i)*, defined by v{h){h') = {h, h'), h, h' G 
f), and we have: 

ttj = djui^hj), j G J, 
and, for the induced bilinear form (.|.) on i)* we have: 

{ai\aj) = bij, ij G J. 

1.1.4. The following proposition is proved as in |K3j . 

Proposition. Suppose that the Cartan matrix A is symmetrizable, and let be 
a non-degenerate symmetric bilinear form on [). Then g{A,p) carries a unique invariant 
bilinear form (.|.) (i.e {[a,b]\c) = {a\[b,c\)), whose restriction to f) is the bilinear form 
if and only z/ (.|.),, satisfies ^ for some non-zero dj 's such that the matrix DA is 
symmetric. Moreover, this bilinear form has the following properties 

(i) (flalfl/?) = ifa + Py^O, (.|.)0c+0-« «s non- degenerate for a G A; 

(ii) [a,6] = (a|6)i/~^(a), i/ a G 0^, 6 G a G A. 

(iii) (.|.) is super symmetric. 



1.1.5. Choose p G f)* in such a way that 



p{hj) = aj{hj)/2 = ajj/2 for any j G J. 

One has {p\aj) = {aj\aj)/2 if A is symmetrizable. (Note that if det A = then p is not 
uniquely defined.) 

Assume that A is symmetrizable. For each a G A+ U {0} choose a basis {e^} of Qa 
and the dual basis {e^a,i} of i.e. (e^|e_aj) = 6ij, and define the generalized Casimir 
operator 

n ■= 2iy-\p) + J2 eoA + 2 XI 5Z ^-a.^el- 

This operator is well defined in any restricted p)-module V, i.e. a module V such 
that for any v & V, QaV = for all but finitely many a G A"^. The following proposition 
is proved as in |K8j : 

Proposition. 

(i) The operator f2 commutes with Q{A,p) in any restricted q{A,p) -module. 

(ii) If N is a Q{A,p)-module and v E N is such that CjV = for all j G J, and for 
some A G P)* one has hv = X{h)v for all h E i), then Q{v) = (A+2p|A)f . Moreover, 
if V generates the module N then N is restricted and f2 = (A + 2p\\) Mat. 

1.1.6. Let s{a) = (— 1)p(") for a G Q, and introduce the following (in general infinite) 
product: 

i?:= JJ (1 -s(a)e~")'(")^''^0". 
oeA+ 

Using the geometric series, we can expand the inverse of this product: 

R-^ = K{a)e-", where K{a) G Z>o. 

Set K{p) = for p E Q \ Q^. Note that K{a) (the Kostant partition function) is the 
number of partition of a into a sum of positive roots (counting multiplicities), where odd 
roots appear at most once. 

1.2. Generalized Verma modules. Write g{A,p) as q. Given I C J, let Qi be the 
Z-span of {ai}i^j. Set 

n±,i := ®a&QjQ±a, i)i:=J2^^i^ f)f := {A G ^ A(/ii) = V« G /}. 

i€l 

Note that f)/ = [n+, xx-j] fl f) = [n+,/, n__,/] fl f). 



1.2.1. Introduce the following (n+ + {) + n_,/)-module structure on the symmetric algebra 
5'(f)/f)7): the action of (n+ + i)i + n^j) is trivial and h E i) acts by the multiplication by 
the image h of the map : f) ^ Introduce the following g-module 

Note that M/ is a g-f) bimodule. 

1.2.2. For A e f)j denote by Ker;^ the kernel of A in ^'(fi/f)/). The generalized Verma 
module Mj{X) is the evaluation of M/ at A, that is 

Mi{X) := Mi /Mi Ker^ = Ind^+Hn_., ^a, 

where Cx is an even one-dimensional space, (n+ + i)i + 1)-,/) acts trivially on Ca, and 1^ 
acts via the character A. 

1.2.3. If / is empty then = (), n_^/ = and M0(A) = M(A) is the usual Verma module 
with the highest weight A; denote by L{X) its unique simple quotient. Clearly, for any 
I C J the generalized Verma module Mi{X) is a quotient of M(A). 

1.2.4. Identify the universal enveloping algebra U{i)) with the symmetric algebra S{i)). 
The triangular decomposition g = n_ © 1) © n+ induces the following decomposition of the 
universal enveloping superalgebra: U{q) — 5'(f)) © (n_C/(£|) + U{g)n^); the corresponding 

projection HC : U{g) — » S{i)) is called the Harish- Chandra projection. Let HC/ : U{g) — > 
S{i)/i)i) be the composition of HC and the canonical map S'(f)) S{i)/i)i) = S{i))/ S{i))i)i. 
Define the bilinear form S{., .), called the Shapovalov form, on M/ as follows: 

S{u.l,u'.l) = RCi{a{u)u') for u,u' G U{q), 

where dot denotes the action and 1 stands for the canonical generator of M/. 

It is easy to see that the bilinear form S : Mi Mi S{i)/i)i) satisfies the following 
properties, which determine it uniquely: 

5(1,1) = 1, 

(6) S{uv, v') = S{v, a{u)v') for u e q, v,v' e Mi, 

S{v,v'h) = S{vh,v') = S{v,v')h for he^, v,v' e Mi. 

One easily deduces from the uniqueness that this bilinear form is symmetric. 

1.2.5. The module Mi is graded by Q^: Mi = (Bugq+Mi^,^, where 

Mi^„ = {v e Mi\ hv -vh^ -u{h)v for /?. G P)}. 

The image of Mi^^, in Mi{X) is the weight space Mi^^{X) of weight X — u. 

It is easy to see that S{Mi^^, Mi^^) = for u ^ fi. Let be the restriction of S to Mi^^. 
Each component M/ ,^ is a free S'(()/[)/)-module of rank not greater than K{v). Therefore 
det 5*1, is an element of ^'(f)/!)/), defined up to a non-zero constant factor, depending on 
the basis of Mi^^,. Clearly, det — 1 lor v — 0. 



1.2.6. For A G f)j the evaluation of S" at A gives a bilinear form S'(A) : Mi{\) (8)M/(A) 
C, whose restriction to M/_y(A) is S'y(A). It is easy to show that the kernel of S{\) 
coincides with the maximal proper submodule of Mi{X). As a consequence, 

Mi{X) is simple det S^{\) ^ Vz/ G g+. 

1.2.7. Introduce the following linear function 0a(A) on f)* for each a & Q: 

0a(A) = (A + p\a) - ^{a\a). 
Set A J := An Qi and introduce the following product: 

Ri := JJ (l-s(a)e-")^(")'^''^9^ 

aeAj 

Using the geometric series, we can expand this product: 

Ri = kj{a)e~°', where kj{a) G Z; 

aeQj 

set kj{a) = for a G Q \ Qf- 

1.2.8. In Sect. |21we will prove the following theorem 

Theorem. Let q{A,p) be the contragredient Lie superalgebra, attached to the data 
{A,p) with a symmetrizahle Cartan matrix, and let I G J. Then one has for X E (up 
to a non-zero constant factor depending on the basis of Mi^y{\)): 

oo 

det ^.(A) = n n n ^r.+.iA)^-^)'^"'''''^'^^^")^^'^-'-^-")'^'"^^-. 



1.2.9. Remark. For / = 0, i.e. ordinary Verma modules, = {0}, ki{a) = Safl, and 
we recover the determinant formula from |KKj in the non-super case, and from ||K2j in 
the super case. 

1.2.10. Remark. Let f)' be a subspace of f), contaning 11^. Then = n_ © [)' ©n+ 
is a subalgebra of q{A,p), and any generalized Verma module over q'{A,p) extends (non- 
uniquely) to that over q{A,p) by extending A G (f)')* to a linear function on {). Defining 
the weight spaces of the former as that of the latter, it is clear that, by restriction. The- 
orem still holds for the generalized Verma module M/(A) over g'{A,p), and the 
formula for det5'y(A) is independent of the extension of A from f)' to f). 



1.2.11. Example. The simple finite-dimensional Lie algebras carry, of course a unique, 
up to an isomorphism, structure of a contragredient Lie algebra. Simple Lie superalgebras 
s[(m,n) for m 7^ n, osp(m, n), D{2,l,a), F(4) and G(3) carry a structure of a contra- 
gredient Lie superalgebra as well, in fact, several non-isomorphic such structures (which 
depend on the choice of the set of positive roots) |Klj . 

The Lie superalgebra s[(m,m) is not quite a contragredient Lie superalgebra, but 
g[(m, m) is. Hence, bv Remark ll. 2.1(11 Theorem ll.2.8l holds for sUm. m) a.ndsi{m,m)/Cl2m 
as well. 

1.2.12. Example. If q is one of the simple Lie superalgebras from Example ll.2.1H then 
the affine Lie superalgebra g = g[t, t~^](BCK, described in 10. H is not quite a contragredient 
Lie superalgebra, but CD x g, where D = on g[t,t~^] and [D,K] = 0, is |K3j . 

Recall that the Cartan subalgebra of CD k g is chosen to be 

i) = i)®CK®CD, 

where 1) is a Cartan subalgebra of g. Define the linear function 5 on [) by S\f,^cK = 0, 
S{D) = 1. Let 9 G be the highest root, and let ee G Qe, fe ^ Q-e be such that 
ifelee) = I- 

Recall that if g = g{A,p), where A = {i),Il,lV^) is a structure of a contragredient Lie 
superalgebra on g, with generators ej,fj (j G J) and f), then CD ix g = q{A,p), where 
A= (^,fl,ri^) with 

n = n U {ao = 5 - 0}, ri^ = U''u{ho = K - iy-\e)}, 

and the generators 

eo = fet, Cj (j G J); /o = e^f^ fj{j G J), 

so that the index set is J = {0} U J, and p{0) = p{9), p{j) = p{j) for j E J (see |K3j for 
details in the Lie algebra case). By Remark [1.2. lUt Theorem 11.2.81 applies to g. 

1.2.13. Example. If g = g[(m, m), then g[t, t~^] © CK contains an ideal J = 
Z^n^o ^^2m't"', which iutcrsects f) © CK trivially. Let g = (g[t, t^^]/ J) © CK. It is easy to 
see that g extends to a contragredient Lie superalgebra as in Remark ll. 2.101 hence Theo- 
rem [HSiHl again applies. The same is true for g = g[t, t~^] Q)CK, where g=s[(m, m)/Cl2m- 

2. Determinant of the Shapovalov form 

Let g := q{A,p) be the Lie superalgebra, attached to the data {A,p), with a sym- 
metrizable Cartan matrix. In this section we prove Theorem 11.2.81 



2.1. Linear factorization. Let 

^ Irr := {a e \ Qi\ a/n ^ for n e Z>2}, 

Irr := {(m, a) G Irr xZ>i| {a\a) 7^ 0} U {{a, 1)| a G Irr& (a|a) = 0}. 

2.LL Any simple subquotient of Mi{X) is of the form L(A — a) for a G \ Qi- 
From Proposition II . 1 . we conclude that the Casimir element acts on M(A) by the scalar 
(A + 2p|A), and that if L(A — a) is a subquotient of M/(A) then (a|2(A + p) — a) = 0. 
Writing a = m(3 with (3 G Irr, m > 1 we obtain that 

(7) [M,(A):L(A-m/3)]^0 ^ 0™/3(A) = 0. 

Observe that (pmp = 0/3 if = 0. Hence up to a non-zero constant factor one has 

det5,(A)= W 0„^(A)'^-''('^), 

(r?i,/3)glrr 

where dm,f3{i^) are some non-negative integers. Note that dm^p^v) 7^ forces m(3 < z/, i.e. 
V -m(3 e Q+. 

2.2. Jantzen filtration. In 12.2.11 we recall the construction of the Jantzen filtration 
(see |,Tanj ) . This filtration depends on a "generic element" p' G f)*. For a semisimple Lie 
algebra one can take a sum of fundamental roots: p' := is known that for 
semisimple Lie algebras the Jantzen filtration does not depend on a choice of "generic" 
p', see 5.3.1. 

2.2.1. Fix p' G f)f such that (p'|a) 7^ for any a G Q"*" \ Q'\ . Let t be an indeterminate. 

Take A G P)f . Introduce the generalized Verma module M/(A + tp') as follows. Define 
the action of (n+ + f| + f)-,/) on C[t]: (1X4. + f)/ + ()-,/) acts trivially and G f) acts by the 
multiphcation to (A + tp'){h) = A(/i) + tp'{h). Now M/(A + tp') is the following - C[t] 
bimodule 

M,(A + tp') :=Ind^,+(,+„„,,C[t]. 

The module Mj{X + tp') admits a unique invariant C[t]-bilinear form 5''^"*'*^' : Mj(X + 
tp') ® M/(A + tp') C[t] which satisfies the properties (jH)); this form is symmetric. For 

r G Z>o, set 

M;(A + tp') := {v G M7(A + tp')| S^+'P'iv^v') G tX[t] Vw'}. 

This defines a decreasing filtration. The property (ii) of (jHl) insures that each Mj{X + tp') 
is a sub-bimodule of M/(A + tp'). The weight spaces of M/(A + tp') are free of finite 
rank C[t] -modules so we can define det S^^^p' (up to a non-zero constant factor). Clearly, 
det S^+'P' = det S^{X + tp') and this is non-zero due to the linear factorization of det 5*,, 
and "genericity" of p'. As a result, n^oMJ(A + tp') = 0. 

Specializing this filtration at t = we obtain the Jantzen filtration JF'"(M/(A)) on M/(A). 
The weight spaces of MJ(A + tp') are free of finite rank C[t]-modules. Thus J-'^{Mj{X)) is 



just the image of Mf (A + tp') under the canonical map M/(A + tp') Mi{X + tp') /tMi{X + 
tp') Mj{X). In particular the JF''(M/(A)) form a decreasing filtration by submodules 
of M/(A) having zero intersection. One readily sees that JF°(M/(A)) = M/(A) and that 
JF^(M/(A)) coincides with the maximal proper submodule of M/(A). 

2.2.2. Define the sets Rm,/3 {in G Z>i, (3' G Irr) and C(A) (A G as follows: 

-Rm,/3 := {("^',/?') G Z>i X Irr I 0m/3|f,^ = 0m'/3'|[,i}, 

C(A) := {(m,a) G Z>i X Irr| </)„„(A) = 0}. 

2.2.3. The following "sum formula" is proven in |.Tanj : 

oo 

(8) 5^dim^*(M,(A)A-.)= ^-./^('^)' 

(■m,/3)GC(A)n£r 

where dm^piv) are exponents introduced in 12.1.11 

oo 

Proof. Note that the sum ^ dim jF''(M/(A)A-iy) is equal to the order of zero of det at 

r=l 

the point A G ^f. Let A be the localization of C[t] by the maximal ideal generated by 
t: A = C[t](t). Let be a free ^-module of finite rank, endowed with a non-degenerate 
bilinear form D : N ® N ^ A. Define a decreasing filtration 

Fi{N) ■={veN\ D{v,v') G At^ for any v' G A^}. 

Taking N to be the localized module Mj{X)x-u C[t] and D to be the bilinear form 
induced by S'^^^'' , we see that the filtration on N, induced by the Jantzen filtration, is 
just F^{N). Now the sum formula follows from the following claim: the order of zero of 
det D at the origin is equal to 

oo 

^dim(F^ (A^)/(F^ (A^) ntA^)). 
i=i 

In order to prove the claim, note that has two systems of generators Vi and f • (for 
z = 1, . . . , r) such that D{vi, v'j) = dijf^^ (for Si G Z>o). The order of zero of det D at the 

r 

origin is ^ Sj and 

i=l 

dim F^{N)/{F^{N) n tN) = \{i \ Si > 

oo 

The equality ^ = ^ |{i | > j}| implies the claim. □ 

i j = l 



2.2.4. Define the functions dm,i3,Ta : Q — > Z>o G Q) by 

Tlie following lemma is proven in [J2], 6.8 for simple Lie algebras; however, the proof is 
valid in our general setup. 

2.2.5. Lemma. For any A G f)f, m > 1, /3 e Irr i/iere exzs^ integers cim,i3^'^rn,/3 such 
that 

Proof. Combining the fact that JF*(M/(A)) is a g-submodule of M/(A) and formula ((Tj), 
we deduce that chJ^*(M/(A)) = X](-m /3)eC(A) '^m*/3 ^(-^ ~ ''^Z^) f*^^ some integers a^*^; 
note that the sum is infinite, but "locally finite" : for each u G only finite many terms 



a 



M(A — m(3)\_i, are non-zero. Thus we obtain (i) for a^^^ := Y^^i^mp- -^^^ (ii) 
pair {m,P). Let A G f)j be a "generic point" of the hyperplane : 4>mi3{0 = 0} the 
following sense: A does not belong to the hyperplanes : 4>m'i3'{0 = 0} if ("^'5 /^') ^ -Rm,/?; 
in other words, C(A) = -Rm,/3- Combining (i) and formula (jHl) one obtains 

(m',/3')eC(A) (m',/3')GC(A)nl7r 

Since C(A) = -Rm,/3 one gets (ii) for the integers am,i3 '■= ^m,/?- 

2.2.6. Corollary. c^l^f'^'^^ = J] '/'l'/^^^''^'^""'''^- 

(m',/3')ei?™,^n/rr (m',/3')6'Rm,/3 

Proof. By definition 0m,'/3' = 0m/3 ior {m',l3') G -Rm,/3- In the light of Lemma 12.2.51 fii). 
both sides of formula are 

equal to Cr □ 
2.3. Leading term. Using the geometric series, we expand 

Ri/R= Yl (l-s(a)e-")-^(")'^''"0" = ^ irj(a)e-'^, where ^/(a) G Z>o. 

Set Kj{a) = for a G Q \ Q^', note that Kj{a) = for a; G Qj, a ^ 0. 

Consider the natural grading on the symmetric algebra 5(P)/f)/) = ®'^QS'^{i)/l)i). The 
following proposition is a particular case of |GSj Thm. 3.1. 



Proposition. Up to a non-zero constant factor, the leading term of det Si, is 



gr det Su = Y\_ ^ 

a£A+\Qi 



(dim gc) 

a ■ 



where ha G is such that jiiha) = for any /i G f)f . 

Proof. Denote by Aq, A'l the corresponding multisets of roots, where the multiphcity of 7 
is equal to dimg^. Set A+ := Aq U A^^. Define similarly (the multiset corresponding 
to Af). Fix a total ordering on A"^ such that 71 > 72 if 71 — 72 G Q^- 

2.3.1. A vector m = {w^7}^gA+\A+ called a partition of a G \ Qi if a = m^7 : 

7GA+ 

G Z>o for 7 G A^ \ Af, and G {0, 1} for 7 G Aj^ \ Aj. Denote by V{a) the set 
of all partitions of a. One has |P(a)| = Kj{a). 

2.3.2. For 7 G A+ denote by 7 the corresponding element in the set A. Choose bases 

of n_ and {e-y}^g^+ of n+ such that G g-^, G g-. In the light of Proposi- 
tion^^!] (ii), for each a G A"*" the entries of the matrix 

Da = {[fj^,e^.])_^_^^ 

are proportional to ha and det Da 7^ 0. Hence we can choose the bases in such a way that 
all matrices Da are diagonal: Da = {5ijha)^.. 

For every m G 'P{q), define the monomial 



1 



where the order of factors is given by the total ordering fixed above. Take A G [)f and let 
vx be the highest weight vector of M/(A). The set {f™fA | m G V{u)} forms a basis of 
Mi{\)x-u- By definition given in ll.2.4[ 

det^. = det(HC,(a(f-)f^))^,,,^(,). 

Since both {o'(J™-)}meP{v) and {G^}mev{u) are bases of the same vector space, one has 

det5. = det(HC,(e-f^))^_^^^(^), 

up to a non-zero constant factor. 

2.3.3. Set |k| = ka- For u &U{q) denote by gr-u the image of u in the symmetric 

algebra S{g). 

Lemma. For any m, s G V^u), we have 

(i) degHC(e'"f") < min(|m|, |s|); 

(ii) |m| = |s|, we have 

degHC(e™f") = |m m = s; 



(iii) up to a non-zero constant factor, 

grHC(e'"f'") = 

Proof is by induction on u E with respect to the partial order (see 11.1. I'll . 

2.3.4. Corollary. Up to a non-zero constant factor, the leading term o/det is equal 
to 

n 

aeA+\Aj 

where 

7eA+:7=a me'P(i/) 

2.3.5. Lemma. For any 7 G \ A/ one has 

^ = ^{-l)^''-^^'P^^^Ki{v - r7). 

Proof is by induction on z/ G \ Qj with respect to the partial order fsee ll.l.Ij) . 

2.3.6. Combining Corollary 12 . 3 . 41 and Lemma ESISl we obtain the required assertion. □ 
2.4. Computation of a^./s- Since ]J-Rm./3 = ^>i x Iir, Lemma f2. 2. 51 fii) gives 

(9) dm,f3 = 0"m,pTm.p- 

(m,/3)elrr (m,/3)GZ>i xirr 

Both sides of the above formula are well-defined functions on Q: for each z/ G Q only 
summands indexed by the pairs (m, where v — mf3 G Q"*", are non-zero at z/, and thus 
only finitely many summands are non-zero for each z/ G 

2.4.1. From Lemma f2.3t 

00 

(m,/3)e5r aeA+\Q7 r=l 

and thus, using and Tm/sii^) = Kiy — mP), we get 

00 

(m,/3)eZ>iXlrr u a&A+\Qi r=l v 



which can be rewritten as 

oo 

(m,/3)GZ>i xirr a£A+\Qi r=l v 

that is 

oo 

Y a^,iie-'^^ = R-^Ri 5^(-l)^'+^^^^"nclim0c.)e-™. 

(m,/3)eZ>iXlrr a6A+\Qj r=l 

Therefore the integer a^./^ is equal to the coefficient of e~"^^ in the expression 

CO 

7eA+\Qi r=l 



Hence 



«™,/3= I] J](-l)(^+^)P(^)(dim0,)fc,(^/3-r7). 

7GA+\Q/ r=l 

2.4.2. Substituting the formula for am,p into Corollary 12 . 2 . 61 we get 

det^, = 11 0m/3 

(m,/3)GZ>i xirr 

n i^(i.-a)E^6A+\Q, E,°li(-l)('-+l'''(^>{dim0^)fc,(a-r7) 

oo 

agQ+ r=l 7gA+\Q/ 
oo 

r=l aeQ+ 7GA+\Qj 

Recalling that kj{a) = for a ^ Q/, this completes the proof of Theorem 11.2.81 



3. Vacuum determinant 

Let g = q{A, p) be a finite dimensional contragredient Lie superalgebra and let q{A, p) = 
CD tx be its (untwisted) affinization described in Example 11.2. 12| which notation we 
retain, except that here we take i) = i) + CK. 

We denote A{A,p) by A and A/ = A{A,p) by A, Q+{A,p) by Q+ and Qj = Q+{A,p) 
by Q^, and so on. 



Denote the Weyl group of q (resp., of g) by W (resp., by W). Introduce the twisted 
action W on f)* as w.X := w{X + p) — p; notice that w.X := w{\ + p) — p if w E W. Recall 
that tKSj 

(10) {s\p) = hi = {p\e) + ^(^1^). 

Recall that J = {0} U J. We apply Theorem \rn\ to g (see Remark ll.2.1()|l and 
I = J dJ. 

3.1. Introduce Aq G \)* such that ^Q{h) = for /i G f), J^o{K) = 1. Any A G takes the 
form A = kAo for some G C. Thus, det Si, is a polynomial in one variable k. 

3.2. The generalized Verma module Mj{kAo) is the vacuum module V^. Using Theo- 
rem [T2IH1 for 0, we obtain the formula for the vacuum determinant 

oo 

(11) det^,(fc) = J] H J] 0,,+„(fc)('^^-3.W™7)(-i)™-)fc.H^ 

r=l ^eA+\AaGQ+ 

where 

E M"K"= n (1-^"") n (i+o"'- 

"eQ+ aeA+ aeA+ 

Recall that dimg^ = dimf) if 7 G Z5 (unless g = g[(m,m), when dim 0^(5 = 2m — 1, 
see Example ll.2.13j) . and dimg^ = 1 if 7 ^ Z(5. 

Write 7 G A+ \ A as 7 = M(5 + 7', where -u G Z>i and 7' G A. Then, by ()1()|1 : 

ru u ru 

3.2.1. Remark. It is easy to see that 0^ = (j)w{^-p)+p for any w G since (A|w^) = (A|^) 
if A G f)f , for any w eW. 

3.2.2. Apart from the case D{2, 1, a) with irrational a, a finite-dimensional contragredient 
Lie superalgebra g admits a symmetrizable Cartan matrix with integer entries. As a 
consequence, we can (and will) normalize the bilinear form (.|.) in such a way that the 
scalar product of any two roots is rational. Unless otherwise stated, we will assume that 
g 7^ D{2,l,a) with irrational a. 

Corollary. If g is not of the type D{2,1, a) with irrational a then the vacuum module 
is simple for k ^ Q. 



3.2.3. Write det S^{k) = Ubed^ + K- ^T"^"^ and set 

Mb := i?^mb(z/)e-^ 

Then 

M6= (-l)('-+i)p(^)(dim0^)A;/(a)e-"-"^ 

(r;7;a)Gy{6) 

where Y{h) is the set of triples (r; 7; a) with (pr-y+a proportional to {k + h"^ — b), that is 
Y{b) :={(r;7;a)| r G Z>i, 7 G A+ \ A, a e such that '^7+° , G C*}. 

We know that Mo 7^ 0. By Corollary 13.2.21 for g 7^ D{2,l,a) with irrational a, one 
has Mb = if 6 ^ Q. In this case, we present a non-zero rational number b in the form 
b = p/q, where p, q are relatively prime non-zero integers and q > 1. 

3.3. Consider the restriction of the bilinear form (.|.) to the real vector space i)^ : = 
SaeA^*^' dimension of a maximal isotropic subspace of f)^ is called the defect of 0. 

A simple finite-dimensional contragredient superalgebra of defect zero is either a Lie 
algebra or osp(l, 2n). 

3.3.1. Let denote the Killing form. If k is non-zero, set A* = {a G A| > 0}. 
Then A* is the root system of one of simple components of go- If k = then q is of type 
A{n, n), D{n + 1, n) or -D(2, 1, a). In this case the root system is a union of two mutually 
orthogonal subsystems: Ao = An U An, Dn+i U C„, D2 U Ci respectively; we let A* = A* 
be the first subset. Let be the Weyl group corresponding to A*, that is the subgroup 
of W generated by the Tq, with a G A*. 

3.3.2. A subset S* of A is called maximal isotropic if it consists of the defect g roots that 
span a maximal isotropic subspace of f)iR. The existence of S is proven in |KW2j : it is also 
shown that one can choose a set of simple roots 11 is such a way that S C 11. We fix S 
and n which contains 5*. We set 

N^:= {^n^A n^GZ>o}. 
For a G NS* denote by ht a the height of a: ht a = ^ if a = ^^g^ ^^(5. 

3.3.3. By a regular exponential function on () we mean a finite linear combination of 
exponentials e'^ : A G f)*. A rational exponential function is a ratio P/Q, where P,Q are 
regular exponential functions and Q 7^ 0. The Weyl group W acts on the field of rational 
exponential functions by the formulas w{e^) = e"'^, w.{e''^) = e^'^. 



3.4. Retain notation of 13.2.31 

Theorem. Assume that IV^S C A"*". Then 
det S^ik) = 11 H J] 0,^+„(A;)(^^-9-)'^--('^), 

where (pr-y+aik) = (AqIt)^ + (p - "It) - r{'y\'y)/2, 
and dr^^^ai^) o,re integers, defined by 

^4,7,a(z^)e"" = ^ (-l)'("')e"'-(-'^^-"), I.e. 

where Ysib) := {(r;7;a)| r G Z>i, 7 G A+ \ A, a ENS such that G C*}. 

Note that rj + a uniquely determines a triple (r; 7; a), and that dimg^ = 1, apart from 
the case when (f)r-y+a{k) is proportional to k + h"^. 

Proof. Since S consists of simple mutually orthogonal isotropic roots one has {a\a) = 
(alp) = for any a G NS*. This gives the formula for 0r7+a- 

For a G NS' and ^ := —w{—a) one has 0^7+^ = 'Pr-y+p-wp+wa = (j^rw-^^+ifs by Re- 
mark Ei^^ Combining the formulas in 13. 21 and Lemma f3. 51 we obtain for each r: 

nTT iK{u-a-r-/)ki(a) _ TT TT TT i(-iy^^'^+^^ °' k{u-r^+wp-p-wa) 
11 <Pr7+Q - 11 11 11 9rw-^j+a 

7gA+\A"GQ+ 7gA+\A tueH/* aeN5 

_ J~J J~J J~J ^(-ly^^^+^^^kiu-rw-y+wp-p-wa) 

7eA+\A iuevy# aeN5 

^ n n n 

7eA+\A aeN5«,eVK# 

Now, the formula for the integers dr^-y^ai^) follows from 13.21 □ 

3.5. Lemma. Assume that IV^S C A+. Then for any a E Q the orbit a) 
meets —NS at most once and 

Ki[a) - < ^_^y(^)+ht(-«,.(-a))^ ifw.i-a) G N^. 



Proof. First, let us show that NS' fl A+ = S. Indeed, if the defect of is not greater 
than one the assertion is trivial. The root systems of finite-dimensional contragredient 
Lie superalgebras are described in |Klj . 2.5.4. All exceptional superalgebras have defect 
one. For non-exceptional superalgebras of non-zero defect, Pik has an orthogonal basis 
{£i\Sj}i=i,n;j=i,m, whcrc (eil^i) = -{Sj\Sj) for any i,j and A C {itej, ±t6j it = 1,2; ie^i 
Sj] ±£j ± Ei'] ±Sj ± 6j'}. As a result, S is of the form {iej^ ± Sj^}, where ii 7^ 7^ jv 
for / ^ v. This imphes n A+ = S. 



Recall that all root spaces of q are one- dimensional and thus 

R = Y\ 1^^^ = y 

Since N^n A+ = ^ we have kj{a) = (-1)^*" for a G NS. Thm. 2.1 of jKW2] states that 

The assumption 1^*5 C forces iy*(N5') C and the above formula gives 
(13) /2= ^ (-1)'("') ^ (-l)^*"e"'-(-"). 

We see that kj{a) = if IV^.^—a) does not meet NS", and, moreover, w{e^R) = 
(-lyMePR, that is 

kj{a) = {-iy^'"^kj{-w.{-a)) for any a e Q,w e W*. 

We already know that kj{a) = (—1)*^*" for a G NS*. It remains to verify that for any 
^ G Q the orbit W.{—C,) meets — NS* at most once or, equivalently, that for any a G NS* 
one has iy*.(— a) fl (— NS") = {—a}. Indeed, from f|T!^ for any a G NS* one has 

kj{a) = J2 (_i)K-)+ht{-«,.(-a))_ 

weW#:-w.{~a)mS 

However if -w.(-a) G then kj{-w.{-a)) = (-l)ht(-«'-(-")) and ki{-w.{-a)) = 

(-l)'(-) /.,(«) so kjia) = (-l)'W+ht(-..(-.))_ Hence hia) = E.eVK#:-..(-a)eN5 ^/(«) so 

W*.{-a) n {-NS) = {-a} as required. □ 



4. ViRASORO ALGEBRA 



In this section we prove formula (jHl) and Theorem 10.3.21 (see Theorem 14 . 2 . 1 1 and Propo- 
sition 14.3.21 respectively) . 

4.1. Notation. Denote by Vir>k (resp., Vir^k) the subspace spanned by Lj,j > k (resp., 
Lj,j < k). Notice that Vir>_i, Vir<_i are subalgebras. A Verma module M{h;c) {h,c G 
C) over Vir is induced from the one-dimensional module C\h;c) of Vir>o + CC, where 
Vir>o acts trivially, Lq acts by the scalar h and C acts by the scalar c. The weight spaces 
of M{h; c) are eigenspaces of Lq with eigenvalues h + n,n E Z>o. 

A vacuum module is induced from the one-dimensional module C|0; c) of Vir>_i + 
CC, where Vir>_i acts trivially and C acts by the scalar c. Clearly, = M(0; c)/M(l; c). 

In this section we use letters r,s,p,q,k,m for non-negative integers. For positive in- 
tegers p, q we denote, as before, by (p, q) their greatest common divisor. We denote the 



maximal proper submodule of M{h; c) by M{h; c) and the simple quotient of M{h; c) by 
L{h; c). 



4.2. Main result. Introduce the anti-involution a on Vir by the formulas = 
L_„, ct(C) = C. Define the triangular decomposition Vir = Vir<o © (CLq + CC) © Vir>i, 
and introduce the Harish- Chandra projection with respect to this triangular decompo- 
sition. Define the contravariant forms on Verma modules and on vacuum modules as 
in 11.2.41 Define the Jantzen filtrations on these modules as in 12.2.11 and observe that the 
"sum formula" (jHI) holds in this setup. We denote the determinant of the contravariant 
form on the eigenspace of Lq with the eigenvalue h + N {N ^ Z>o) in M{h; c) by deth+N 
(resp., on the eigenspace of Lq in with the eigenvalue N by det'^). These are 
polynomials in h and c (resp., c). 

4.2.1. Theorem. Let c„ a = I - ^^^^ ■ 

(i) Up to a non-zero scalar factor, the vacuum determinant is as follows: 

p>(?>l,(p,g)=l 

where dimL((p — l)(g — 1); Cp^g)^ is given by the right-hand side of 

(ii) A vacuum module is simple iff c ^ {(^p,q}p,q&>2,{p,q)=i- 

(iii) If is not simple, then J-'^iV'^) = L{{p — l)(g — 1); Cp^g), JF^(V^) = 0, where 
c = Cp,q, p,qe Z>2,(p,g) = 1. 

(iv) The vertex algebra Vir^ satisfies Zhu 's C2 condition iff the vacuum module is 
not simple. 

We prove (iv) in 14. HI and (i) in 14.41 below: (ii), (iii) follow from (i) and Jantzen sum 
formula (jH)). 

4.3. Singular vectors in V^. Since i^-i|0; c) = in V^, it is clear that C2 holds iff the 
vectors L^2|0jc) {k > 1) are linearly dependent over C2(Virc) := span{L_fct>| k > 2,v E 
Virc}. If is simple then Vir'^ = Vir^ and the vectors Iv^glO? c) are linearly independent 
over C2(yirc) and thus Virc does not satisfy C2 condition. Take c such that is not 
simple. In order to check the C2 condition, it is enough to verify that a singular vector 
in is of the form {L'^2 + '^)|0j c), where a G ZY(Vir<_i) lies in the right ideal generated 
by L^i,i > 2. This will be shown in Proposition 14.3.21 

4.3.1. A total ordering on monomials. For v E call the monomials of v all the ordered 
monomials appearing in m, where u G W(Vzr<_i) is such that v = m|0; c). 

Introduce the following (lexicographic) total order (cf. [Kt]) on the ordered monomi- 
als of U{Vir^_i) with given adLo-eigenvalue: for L_i^ . . . L^i^ and L_j^ . . . L_j^ with 
is > ■ ■ ■ > ii > 2, jr > . . . > ji > 2 and Y^^m = J2jn = N, put L_i^...L_i^ < 



L_jv . . . L_j^ if either ii < ji, or ii = ji, ^2 = j2 • • • , = jm, im+i < jm+i- For example, 

> L^^L^s > L_3L_3L_2 > 

4.3.2. Proposition. The minimal monomial of a singular vector v of , not propor- 
tional to |0; c), zs L"^2! where m is a positive integer. 

Proof. Observe that for u G Vir<_i and k > —1, one has Lku\0;c) = [Lk,u]\0;c). In 
particular, if f = u\0]c) then the monomials of L^v for k > —1 are the monomials of 
[Lk,u], which lie in W(Vzr<_i). 

The minimal monomial of [Li, . . . is L^i^ . . . L^i^L^i-^^i. In particular, if 
X,Y are monomials in Vir<_i and X < F then the minimal monomial of [Li,X] is 
less than the minimal monomial of [Li, Y]. If ii > 2 then L_j^ . . . L-jjL-jj+i belongs to 
Vir<_i. As a consequence, the minimal monomial of a singular vector v is of the form 
. . . where ii = 2. Indeed, suppose that ii > 2; then the minimal monomial of 
Liv is L_i^ . . . which belongs to Vir<_i, and thus Liv 7^ 0, so f is not singular. 

Now it remains to show that the minimal monomial of v is not of the form X = 
for some r > 2, s > 0. 

Let X = X'Li^L^2 be a monomial (r > 2 and X' does not contain L_2 and L_r)- Then 
the minimal monomial of Lr-2X\0; c) is X'US^U^^^. Suppose that X is the minimal 
monomial of a singular vector v (we have shown that m > 1). Since L^_2V = 0, the 
monomial 

Z := X'Lr/L!"2+^ 

should appear as a monomial in Lr-2^|0; c) for some y > X. Write Y = Y"V^2i where 
Y" does not contain L_2. Recall that 



Y > X 



k < m, 

k = m and Y" > X'Lt 



The degree of L_2 in any monomial of [Lr_2,^] is at most k + 1. Hence Lr-2^|0;c) 
does not contain Z if k < m. 

In the remaining case Y = F"L™2 for Y' > X'Ltj., write Y = Y'L^^L^2^ where Y' 
does not contain L^f Then t > 2 and the condition Y > X forces that either t > r or 
t = r, Y'L% > X'L%. 

If y = Y'V_f-L'^2 for some t > r then the degree of L_2 in any monomial of [L,,_2, Y] is 
at most m so Lr_2^|0; c) does not contain the monomial Z. 

If y = Y' LF_^L'^2-i then the only monomial of having a factor L'^2^, is 

y/^P-i^m+i^ Since F'L^, > X'Li,, one has Y'L^'.^ > X'U'^ and so Y'U'-^L'^+^ > Z. 
Hence Lr_2^|0;c) does not contain Z, a contradiction. The assertion follows. □ 



4.4. Proof of Theorem 14.2.11 (ii). 



4.4.1. Outline of the proof. In Lemma 14.4.21 we will show that has a subquotient, 
isomorphic to L{{p — l)(g — 1); c) if c = Cp^q, where p > q > 2, {p,q) = 1. Using the sum 
formula ^ we conclude that det'^(c) is divisible by the polynomial 

P>'?>2,(p,5)=l 

In l4.4.3Hl4.4.5l we will show that the degree of det^(c) coincides with the degree of P/v(c) 
so det^(c) = aP/v(c) for a G C*. This proves Theorem 14.2.11 (ii). 



4.4.2. Lemma. Let c = Cp^q, where p > q > 2 are relatively prime integers. Then 
has a subquotient isomorphic to L{{p — l)(g — 1); c). 

Proof. Recall that = M(0; c)/M(l; c). We will show that M(0; c) has a singular vector 
of weight {p — l)(g — 1), whereas M(l; c) does not have such a vector. 

Recall ( |K2j : |KR j . 8.1-8.4) that the determinant of the contravariant (=Shapovalov) 
form for a Verma module over the Virasoro algebra is, up to a non-zero constant factor: 

det^+,(c,/i)= n (/i-/i,,,(c)r-(^-'-^), 

r,seZ>i 

where Pd{rn) is the classical partition function: 

oo 

l[{l-x')-' = Y,Pci{m)x'^, 

k=l meZ 

and the functions hrJc) can be described as follows: 



r 



2 l)(c-l) ^ ,, ip'r-q's)^~{p'-q'y 



hr,r{c) - 24 ' hr,s{c) ^^^^^ 

where p',q' E C are such that c = 1 — ^^^^"^ . 

Let c = Cp^q, where p > q > 2 are relatively prime integers. One has hr,r{,c) ^ for 
r > 2 and hr^s{c) = iS pr — qs = ±{p — g); hr^r{c) 7^ 1 for r > 1 and hr^s{c) = 1 iff 
pr — qs = ±(p + g). As a result, hp_i^q_i{p, q) = and K^sip, q) 7^ I if rs < {p+ l)(g — 1). 
Hence M(0; c) has a singular vector of weight {p — l)(g — 1), whereas the minimal weight 
of a singular vector in M(l; c) is 1 + (p + l)(g — 1) = pg — p + g. The claim follows. □ 

4.4.3. The leading term of det'^(c) is c'^^^\ where 

d{n)= /(A). 



Here A h n stands for a partition of n (we will write |A| = n), /(A) is the number of parts 
of A, and 1 G A means that A contains a part equal to 1. One has 



oo 



A: 10A m=2 

and this allows to express the generating function X]n'^('^)^" follows: 



n 10A 



t=l- 



CO oo 



Therefore 

n m=2 r=2 m=2 r>2, s>l 

which can be rewritten as 



m=l n r>2,s>l 



AAA. Take c = Cp^g, where p, g G Z are such that p > q > 2,{p,q) = 1. One has 

J](l-x^)chL((p-l)(g-l);c)= (^^d+fc.Ki+M _ ^(^.-Dd+M+i)^ 

fc>i feez\{o} 



see |FFj . jAst\ In order to prove that the degree of det^(c) coincides with the degree of 
P/v(c) (see 14.4. r|l it remains to verify the following identity of formal power series in x: 



(14) Y {^''-^''^')= E E ' 

r>2,s>l p>q>2,(j),q)=l fcgZ\{0} 



^(l+fcg)(l+fcp) _ ^(%-l)(l+fcp)+l^ 



4.4.5. One has 

r>2,s>l k,l>l k,l>2 

Writing k = jp, I = jq, where j := {k, I) and (p, q) = 1, we obtain 

^(fc+i){/+i) ^ ^ 
fc,«>i j>i p,<j>i, (p,(j)=i 

i>l p>Q>2, ip,q) = l P>2 



and similarly 



kl>2 



Therefore 



X 



r>2.s>l 



Moreover, 



r>2,s>l 



rs+1 



E E - 

i>2 p,g>l, {p,g) = l 

2E E 

i>l (p,g)=l,p>g>2 

2E E 

i>l (P.9)=1>P>9>2 



(ip-i)(i9-i) 



E 



X 



(p-l)(g-l) 



P,'?>2, (p,g)=l 



3;v. 1)05-1) + ^(2^a;(^'-i)(^'P-^) + x^^'^^") 



X 



0>-i)(ig-i) 



j>2 p>2 

+ E(2E 

i>2 p>2 



(i-i)(j>-i) I W 



+ x^' ) + 



X. 



2^ (a;(ip+i)(i9+i) _^3,(iP-i)(ig-i)^ 



i>l (p,g)=l,p>g>2 



+E-'"h-EE 



(i+i)(ip+ 



"h-EE-"-' 



-i)(ip-i) 



i>2 



i>i P>2 



E E 



X 



(ip+i)(ig+i) 



jez\{0} (p,g)=l,p>g>2 



i>2 p>2 

E E 

jez\{o -1} p>2 



(i+i)0> 



i>2 



= E ■ 

fc>2J>l 



(fc-i)a+i)- 



-'=E E ■ 

j>2 p,q>l, (p,g) = l 



(ip-i)(i9+i)- 



E 



X 



(p-l){g+l)+l 



P>2, g>l, (p,g)=l 



$Z (a;(ip-i)09+i)+i + a;Op+i)0''?-i)+i) + 

i>l p>g>2,(p,g)=l i>2 
i>l P>2 i>2 p>2 

^ ^ ^(iP+i)(ig-i)+i + ^ ^3,(i+i)(iP-i) 

jeZ\{0} (p,g)=l,p>g>2 jez\{0 -1} P>2 



X-' 



i>2 



Now (fT^ follows from the following identities: 



E 



X 



(ip-i){i+i)+i 



E 



X 



(-i)(-(i+i)p+i) 



^ 3,(i+l)(ip+l)^ □ 



j&\{0-l} 



iez\{o-i} 



iez\{o-i} 



5. Neveu-Schwarz algebra 

The Neveu-Schwarz superalgebra NS is a Lie superalgebra with the basis {C; Ljjjgig, 
such that its even part is the Virasoro algebra (with the basis {C; Li}i^z), the element 
C is central, and apart from the relations Q of the Virasoro algebra, the following 
commutation relations for m G Z and i,j G |Z \ Z hold: 

Ai'^ — 1 TTl 
[Li, Lj] = 2I/j+j + 5o,i+i C, [Lm, Lj] = (— j)Lj^rn- 



5.1. Notation. Denote by AfS^k the subspace spanned by Lj,j > k. A Verma module 
M{h] c) {h, c G C) over MS is induced from the one- dimensional module C|/i; c) of NS>q + 
CC, where MS^q acts trivially, Lq acts by the scalar h and C acts by the scalar c. The 
weight spaces of M{h] c) are eigenspaces of Lq with eigenvalues h + n,n E |Z>o. 

Notice that AfS> _i is a subalgebra. A vacuum module over MS is induced from 
the one-dimensional module C|0; c) of MS-y^\ + CC, where A/'i5>_i acts trivially and C 
acts by the scalar c. Clearly, = M(0; c)/M(l/2; c). Recall that it carries a canonical 
structure of a vertex algebra, denoted by AfS'^. Its unique simple quotient is denoted by 
MSc. 

Let 

(15) Y ■.= {{p,q) EZ>,xZ>,\p = q mod 2 , (^^, g) = 1}. 

Set 

oo oo 
t) := J](l + tx"+^/2)-l -Q^^ _ ^^ny 

n=0 n=l 

The function tplx,!) is the super analogue of the Virasoro denominator n^i(l ~ ^")' 
namely one has: ip{x,l)~^ = ^jy^i^ dim M(/i; c)/i+7va;^. 



5.2. Main result. Introduce the anti-involution a on MS by the formulas cr{Ln) = 
L_n, cr{C) = C. Define the triangular decomposition ATiS = 7ViS<o©(CLo-|-CC)©A/'iS>o, 
and introduce the Harish- Chandra projection with respect this triangular decomposition. 
Define the contravariant forms and the Jantzen filtarions on Verma modules and on vac- 
uum modules as in ll.2.4| 12.2. Ij observe that the "sum formula" (jHl) holds in this setup. 
We denote the determinant of the contravariant form on the eigenspace of Lq with the 
eigenvalue h + N {N & l/2Z>o) in M{h; c) by deth+N (resp., on the eigenspace of Lq 
in with the eigenvalue by det^). These are polynomials in h and c (resp., c). 

5.2.1. Theorem. Let c^g = |(1 — ^^^^), o-nd recall notation / f73|) . 

(i) Up to a non-zero scalar factor, the vacuum determinant for MS is as follows: 

(16) det'^(c)= n (c-c,^^J)'^'"^«^-')(''~')/'^^-)". 

P>'?>2,{p,g)GV 

(ii) A vacuum MS-module V is simple iff c ^ C^^, where p > q > 2, {p,q) E Y. If 

is not simple then its unique proper submodule zs L((p — l)(g — l)/2; c^^) and 

chL((p -l){q- l)/2; cj,^) = ij{x, 1)-' Yl (x^^'^+i^^'^^+i^/^ - ^((kp+m,-i)+my 

k€Z\{0} 



(iii) // the MS -module is not simple, i.e. c = Cpg, where p > q > 2, {p, q) E Y 
then 



:F\V'^) = L{{p - - l)/2; cj,), :F\V^) = 0. 



(iv) The vertex algebra MS ^ satisfies Zhu's C2 condition iff the vacuum module is 
not simple. 

5.3. Superpartitions. Let us call A = (Ai, A2, . . . , A^) a superpartition of if X^ilLi -^j — 
iV, Ai < A2 < . . . < \m, 2Aj G Z>i for any i, and Aj 7^ Aj±i if Aj is not integer (i.e., 
any half-integer appears at most once in the multiset Write A h if A is a 
superpartition of A^; set |A| = and /(A) = m if A = (Ai, A2, . . . , Am)- For 6 G |Z write 
6 G A if Aj = 6 for some i. 

Note that il>{x, t)~^ is the generating function for superpartitions: ip{x, t)^^ = t''^^'>x^^^ 

5.4. Proof of Theorem l5.2.T] (i).(ii).(iii). It is straightforward to deduce (ii) from |Astj . 
8.2 (which relies on the Kac determinant formula for MS |K2j ) . It follows that if c = c^^, 
where p > g > 2, (p, g) G Y , then J^^iV^) = L{{p — l)(g — l)/2; c^ g). From the sum for- 
mula (jHl), it follows that det'^(c) is divisible by the right-hand side of (fT?)|l and, moreover, 
that (i) implies (iii). We prove (fT^ by showing that the degree of det'^(c) is equal to 
the degree of the right-hand side of (fT^. Let d{N) be the degree of det^(c). In terms of 
generating functions, we need to show that 



X 



J2 dimL((p-l)(g-l)/2;cJ,) 



n 



X 



P>q>2,(p,q)GY 



which can be rewritten as 




p>q>2,{p,q)eY keZ\{0} 





(kp+l)(kq+l)/2 _ (ikp+l)(kq~l) + l)/2 



5.4. L One has 



d{n) 



AI-n,l^A,i0A 



Observe that 



and this allows to express the generating function Xlngiz '^(^)^" follows: 




Since 



d (l-te) _ 

dt (l+teV2)^(a;,t) (l+txi/2)^(a;,t) 



(l-tx) 



2.n+l/2 



+ Er=2T^)' we obtain 



^(., 1) E = (1 - (E Yh^^ + E i^) = (1 - -"^) E 



_ _|_ 2;n+l/2 
n=l n=2 



X 2 . 



r>2, if>l 
r=s mod 2 



Put 1/ := x^/"^. Let a be a rational number greater than 1 which is not an odd integer. 
Then a can be uniquely written as a — p/q, where p > q > 2 are integers of the same 
parity and q is the smallest one with this property i.e., q) — 1. 



5.4.2. One has 



2//2. 



r>2, s>l 
r = s mod 2 



fcJ>l 
= i mod 2 



k,l>2 
k = l mod 2 



Here and further, r, s. A;, l,p, q are integers. 



get 



For k = / mod 2 we can write /c = jp, I — jq, where j :— (^, I) and (p, g) e F. We 



fc,i>i 

fc=i mod 2 



and similarly 

y 



j2 ..(k-m-i) 



k,l>2 
k=l mod 2 



i>l p>g>2, (p,</)Gy P>2,(p,i)ey 



„(p-i)(5-i) 



E E z/^^'^-^^^--^^ + E y 

i>2 P,<?>1, (p,g)Gy p,g>2, (p,g)6y 

2E E y(^>-^)(^'«-^) + ^(2 y^'-'^^'-^^+y^'-'^" 

i>2 p>2,(p,i)ey 

j>l p>q>2, {p,q)eY j>2 p>2,(p,l)eY 



j>l p>q>2, {p,q)& 

2E E i/(^-^-^)(^-^-^) + E(2 E ?/(^-^)(^^-^) + /) + 



Therefore 

J>1 p>q>2,{p,q)eY 



r>2,s>l 
r=s mod 2 



+ ^ yi' + ^ ^ ^(i+l){(2m+l)j+l) + ^ ^ ^(j-l)((2m+l)j-l) 
j>2 j>l m=l 

E E ^ 

jeZ\{0}p>g>2,(p,<z)Gy 



j>2 m=l 

oo 

,0>+l)09+l) _u "SP ,,(i+l)((2m+l)i+l) 



+ E E^' 

jeZ\{0,-l}m=l 



j>2 



Moreover, 



'■>2,s>l fe>2,i>l j>2 p,q>l, {p,q)&Y p>2, q>l, {p,q)eY 

r — s mod 2 fc — i mod 2 



)+i 



One has 



j>l p>q>2,{p,q) = l j>2 
ieZ\{0}p>g>2,(p,g)ey iGZ\{0,-l}p>2, (p,l)Gy j>2 



jez\{o-i} jez\{o-i} jgz\{o-i} 

Hence we obtain the required equahty: 

(^^'^ _ = ^ ^ ^(ip+i){i'/+i) _ ^(ip-i)Og+i)+i^ □ 

'->2.s>l j>l p>q>2, {p,q)€Y 

?■ — s mod 2 



5.5. Proof of Theorem mm] (iv). Let C2iAfS^) := span{L_kv\ k > 2,v e A/'5J. 
Recall that the C2 condition for JVSc means that C2{N'Sc) has finite codimension in V^. 
Since L_i|0;c) = L_i/2|0;c) = in V^, it is clear that the C2 condition holds iff the 
vectors L^glOjc) {k > 1) are linearly dependent over C2{J\fSc). 

If is simple then AfS'^ = AfSc and the vectors L^glO? c) are linearly independent over 
C2{MSc)i and thus MSc does not satisfy the C2 condition. 

Take c such that is not simple. Then has a unique proper submodule In 
order to check the C2 condition, it is enough to verify that V contains a vector of the 
form (L^2 + 'J^)|Oj c), where a G W(A/'iS<„i) lies in the right ideal generated by L_i,i > 2. 
Let u be a singular vector of (it is unique up to a scalar). In Corollarv 15.5.41 we will 
show that either v or L_i/2f is of the form (L^2 + '^)|0j c). This will prove (iv). 



5.5.1. Consider the PBW basis of W(A/'iS<_i) which consists of the monomials of the 
form L'^l^ ■ ■ ■ L^ij^, where ij G 1 < ii < 12 . . . < is, rrij > 1 and rrij = 1 if ij Z. 

Define the (lexicographic) total order on the PBW basis of W(A/'5<_i) with given adLo- 
eigenvalue in the same way as in 14.3.11 and retain conventions of 14.3.11 



5.5.2. Lemma. Let v\0;c) G V^, where v G W(A/'iS<_i), be a singular vector, not 
proportional to |0;c). Then v contains either a monomial (k > 0) or a monomilal 
L!!^2-^-3/2 (m>0) with a non-zero coefficient. 



X 


= X'L_ 


-3/2, Y e supp[L^,X'] 


X 


= YL_ 


(r+3/2); 


X 


= X'L 


12^^3/2, Y e supp[L^,X' 


X 


= YL_ 


(r+2)-^-2 -^-3/2 


X 


= YL_ 


(r+3/2) -^12? 


X 


= X'L 


' 2, y e snpp[Lr,X'] 


X 


= YL_ 


rs-1 


X 


= YL_ 


{r+l/2)L^-2 -^-3/2- 



Proof. For u G W(A/'5<_i) denote by suppti the set of monomials, which u contains. In 
this proof the letters f/, X, F, Z stand for monomials in W(A/'iS<_i). 

Let X, y be monomials in W(A/'5<_i) and let Y does not contain L_2,/2 and -L_2- Let 
Lr e MS^Q. Then one has 

(i) FL_3/2 e supp[L^,X] =^ 
[a) YU_2L^^i2 G supp[Lr,X],s > =^ 

{Hi) yLi2 G supp[Lr, X], s > =^ 

Let M be the minimal element in suppw . Arguing as in Proposition 14.3 we see that 
M contains either L_3/2 or L_2. 

Assume that M does not contain -L„3/2- Write M = YLt2, where Y does not contain 
L_3/2,-Z^-2; by the above s > 0. Then FLi^"'^L_3/2 G supp[Li/2, M]. Since v is singular, 
L1/2V = and thus the monomial FLl"2^-^-3/2 ^ supp[Li/2,X] for some X G suppf,X 7^ 
M. Since M is minimal in suppt;, X does not contain -L_3/2- From (i), (ii) above we 
conclude that X = M, a contradiction. 

Hence M contains L_^/2- If M = ^"2-^^-3/2 the assertion of the lemma holds so we 
assume that 

M = X'Ll,L!!2^-3/2, 

where r G 1/2Z, r>2, s>l, n>0 and X' does not contain 

Note that the minimal monomial of [Lr-2,M], which belongs to W(A/'iS<_i) is Z : = 
X'L!.~^L"2^L_3/2. Hence Z should appear as [Lr-2, U] for some monomial U G supp v,U > 
M. From (ii) above we concude that U = X' L^_Z^ L^(r^\ I1^L'^'^^ 



-^(r-l/2)-^-2 



Let suppo V consist of the monomials in supp f , which contain L_2 and do not contain 
L_3/2. By the above, U G suppgW and so suppgW is not empty. Let Mq be the minimal 
element in supppf. By the above, Mq < U, i.e. 



It remains to show that Mn = ^ for some A; > 0. 



^ ^ ^-r ^-(r~l/2)^-2 
= J^-2 

Suppose that Mq 7^ 1^2 and write Mq = YL''_jLt2, where j G 1/2Z, j > 2, p,k > 1 and 
Y' does not contain L_j. Observe that k > n. The minimal monomial of [-^^j-2? Mq], which 
belongs to W(A/'5<_i) is Z := YL^-^Ltt^. Therefore Z should appear as [Lj_2,Y] for 
some monomial U G supp v,U ^ Mq. By (iii) above, U is either of the form Ui = X'LM^ 
or U2 = X'L^ 2-^-3/2- Since k > n one has U2 < M and thus U2 ^ suppw. Moreover, 
f/i < Mo and thus f/i ^ suppf as well. Hence Mq = L^2 required. □ 



5.5.3. Corollary. Let c = Cp ^, p > q > 2, {p,q) & Y. The minimal monomial of a 
singular vector v ofV^, which is not proportional to |0;c), is L"^2-^-3/2 if P^Q even, 
and is L_5/2-^v!!^2-^-3/2 ifp^Q o'^e odd (m > 0). 

Proof. Note that if v contains U^2^-^/2 oi L_^/2L'^2-^-3/^^ then the corresponding mono- 
mial is the minimal monomial in v. Moreover, for c = ^ the weight of u is (p — — 1)/2 
and thus if v contains ^'"2-^-3/2, then p, q are even and if v contains L_5/2lv™2-^-3/2) then 
p, q are odd. 

Suppose that v does not contain L^2-^-3/2- Then, by Lemma l5.5.2[ v contains L^2- 
Since [Li/2,L'^2\ contains L^J^L^zji-, we conclude, using (ii) above, that k> \ and that 
V contains L_5/2i^!!^2-^-3/2- CH 

5.5.4. Corollary. Let J he the right ideal inU[MS<^^\) generated by L_i,i > 2. Let 
^ ~ ^p,q' P > ^ 2, ip,q) & Y and v be the singular vector of the proper submodule of 
V^. If p, q are odd, then v = {L"^2^ +a)|0; c) for some a E J,m > 0. Ifp, q are even, then 
L-1/2V = {L'!^^^ + a)|0; c) for some a e J,m >0. 

Proof. The monomials which do not lie in the right ideal generated by L_i,i > 2 are of 
the form L1*2-^-3/2; -^-2 for m > 0. Therefore if v' G has integer weight then either 
v' G J|0; c) or v' = {L"^2^ + a)|0; c) for a G J, m > 0; in other words, if v' G contains 
the monomial L"^2^ then v' = {L"^2^ +a)|0; c) for a E J,m > 0. Now the assertion for p, q 
odd immediately follows from Lemma 15.5.21 If p, q are even, then v contains L™2-^^-3/2 
and L_i/2V contains L'^2^, and the assertion follows. □ 

6. Lie algebra case 
In this section we will prove Theorem IU.2.11 

Let g be a simple finite-dimensional Lie algebra. In this section we will use the following 
(non-standard) normalization of the form B = {.\.) on i)*: (a | a) = 2 if a is a short root. 
This normalization is convenient since (/5|/5)/2, (p|/3) are positive integers for any root (3. 
In this normalization Theorem l( ) . 2 . II t akes the form: 

V'' is not irreducible {k + h)^) G {0} U {^| p G Z>2, q G Z>i, (p, q) = 1}. 

In the notation of 13. 2. 31 this can be written as 



Mp/g ^ p>2 or j9 = 0. 

We will check the last equivalence in 16.11 — 16.51 below. 



6.1. Retain notation of KlHI Since gi = the set S (introduced in IH.H.2j) is empty and 
the group W"^ (introduced in lH.H.lj) coincides with W. Theorem IH.4I gives 

det S^{k) = Y[ Yl 0,^(A;)(^'"^0^)'^--^(''), 

'•>l 7GA+\A 

<P^,{k) = (Ao|7)fc + (p|7) - r(7|7)/2, d^,,{^)e-^ = R'' E..H^(-l)^^")e-(-^). 
Using notation of IH. 2. HI we obtain 



Mb = E(r,7):</..,=fc+{p|5)-6(dim07)S(-r7), where 
Note that all dimg^ = 1 in Mb if 6 7^ 0. 



6.2. Recall that (p|a) = (p|«) for a G A. For r, s > 1 and a G one has 

0r(m<5)(fc) =k + {p\5), 

(I>rim5~a){k) = (k + {p\5))m - (^i^ + (pI")), 

0s(m5+Q)(/^) = (A; + (p|(5))"^ - (^^1^ - (p|a)). 
Therefore for p ^ the factor + {p\S) — p/q appears as 



(i) 4'r{m,s-a){k) for T = ^^^|^^^|^, = ql, where / is such that r E Z 

{a\a) 



ii) 0s(m5+a)(^) for s = ^^^(qIqI"''^ ; ""^ = where / is such that s G Z>i. 



Taking into account that 

E{-sm6 - sa) = -E{-sm6 + {s - 

[a\aj 

we obtain 

Observe that 2(p|Q;)/(a;|Q;) G Z>i for a G A+. 
6.3. For p = 1 we get 

Ml/. =E„.A.E.H(^^e.>.^(-^^^^^ + ^^ 

via the substitution n := / — (p|a). 



6.4. Let us show that Mpjq = for p < 0. 

The above formulas show that for a G A"*" one has (/>r(m<5+a)(fc) = k + (p|5) — a for a > 1; 
0s(m<5-a)(^) = k + (p|(5) — a for a < iff (p — sa\p — so) < (p|p). By Lemma fl 1 . II from 
the Appendix, E{—sm6 — sa) = 0. Hence Mp/g = 0. 

6.5. Finally, let us show that Mp/g 7^ if p > 1. Let a be a simple root satisfying 
{a\a) = 2. Take / >> and introduce r := '^^''^^10')°'^ = pi — 1. Then r >> and, 
in the light of Lemma 111.21 from the Appendix, the only term in the expression ()17p 
which can be canceled with E(~rm5 + ra) is the term E(—ql' '^^''^f^'^^"^ 6 + ^r-^a) = 
E[—ql'{pl' + 1) +pl'a), where 

—rmS + ra = —ql'{pl' + 1) + pl'a. 
The last formula gives pi — 1 = pi', which is impossible since p >2. □ 

7. The case osp(l,2n) 
In this section we will prove Theorem 10.2.21 

Let Q = osp(l, 2n). In this section we will normalize the form (.|.) on {)* by the condition: 
(a I a) = 2 for a G Ai. In this normalization Theorem 10.2.21 takes the form 

(18) Mp/gy^O ^ p>0,py^2. 

where Mp/g is introduced in 13.2.31 p, q are relatively prime integers and g > 0. In this 
section we will check the above equivalence. 

7.1. Set _ 

Ao := {a G A+l a/2 ^ A+}, := {a G A+| a/2 ^ A+}. 

Proposition. 

det S,{k) = U(r,^)en <Pr-y{kY'^'^~^-'^'''--''^^\ where 

(19) := {(r,7)| r G Z>i,7 G \ A} U {(2j - 1,7)1 J G Z>i, 7 e A+}, 
0,,(fc) = (Ao|7)fc + (p|7)-r(7l7)/2, 

Y..dr,,{i^)e'^ = (-l)('-i)^Wi2-iE.evK(-l)'^"^e-(-^). 

Proof. For g = osp(l,2/) the set the set S (introduced in I3.3.2p is empty and the group 
W^* (introduced in 13.3. 1|) coincides with W. Theorem 13.41 gives 

det S,{k)= Yl (t)r^{k)^'^'^'^-^^^^''<^''\ 

7eA+\A,r>l 

where 

^d,,^(z/)e~" = (-l)('-i)pWi?-i ^(_i)K-)e-.(-'^7)_ 



Now the assertion follows from the following observations: 0(2r)7 = 0r(27); and (i2r,7 = 
—dr,2'y if 7 is odd. □ 



7.2. Using notation of 13.2.31 we have for p 7^ 
(20) 



Mph = E{r,'y)Gn:4>r,=k+m-p/gE(-n), where 
E{-n) := (-1)(-1)P(7) E^g^(-l)'^"^e"'-^"'^^- 



Note that E{—r'~f) is well-defined, since, if r'y Z5, then the product r7 uniquely deter- 
mines the pair (r, 7) G if r7 G then 7 G Z5 so ]?(7) = and the right-hand side of 
the last formula does not depend on r. 

Notice that, if (r, 7), (r', 7') G Q are such that = r'7', then (r, 7) = (r',7'). 

7.3. The formulas for (l)r{is), 4>r(is±a) have the same form as for Lie algebra case, see 16.21 

Note that a root 7 G Aq has the form 7 = Z5 ± a if a G , or 7 = Z5 ± 2/5 if / is odd 
and (3 G A^'". Taking into account that {l3\j3) = 2 for j3 G A^^ and {a\a) = 4 for a G Aq , 
we see that the factor k + {p\S) — p/q foi p ^ appears as 

(i) <Priis±a) for a G A+ if r := ^^^^ > 1, 

(ii) (pr{is±f3) for P £ Af if r := pm ± {p\a) > 1 and r is odd, 

(iii) (f)r{i5±2i3) for P e A]^ if / := qm is odd and r := ^'"^^(pI^) ^ 
In all cases I = qm. 

7.3.1. Remark. Observe that {p\a) is even for a G Aq and is odd for /3 G A^. 

As a result, pm is even in the cases (i), (ii); in the case (iii) both q, m are odd and pm = 2 
mod 4, so p is even. 

7.4. Let us show that Mp/g 7^ for coprime integers p, g iff p > 0,p 7^ 2. 
We will use the letters /, m, q, r, s for positive integers. 

7.4.1. Identify Aq U Ai with the root system of B^, notice that W identifies with the 
Weyl group of -B„. Now repeating the arguments of 16.41 we obtain Mp/g = for p < 0. 

7.4.2. Let us show that Mp/g ^ ii p >l,p ^ 2. 

Let /3 be a simple odd root; then (/3, p) = 1. In the light of Lemma 111.21 from the 
Appendix, for r » 1 the only term in the expression ()2Up . which can be canceled with 
E{~r{l6 + /?)), is E{—s{l'6 — a)) satisfying —sl'6 + sa' = S/3{—rl6 — r/5), that is 

sa' = (r - l)/3 & si' = rl. 



If ol = f3, then r = s — 1, which is impossible since both r and s should be odd ()7.3[ 
(ii)). If a' = 2/3, then s = From 177^ (ii), (iii) we conclude that r — 1 and 4s + 2 = 2r 
are divisible by p. Moreover, by Remark I7.3.H p is even. Hence p = 2 as required. 

7.4.3. Finally, let us show that M2 = if g is odd. In this case, for /3 G Ai the term 

E{—r{l6 + (3)) appears if I = qm,r = 2m + (p, /3) for some m > 1; thus r(Z5 + 

/?)) = —rqm6 + 2m(3 and so E{—r{l6 + (3)) cancels with E{—m{rq6 — 2j3)). For a G Aq 
the term E{—r{l6 + a)) appears if / = qm,r = m + {p\a)/2 for some m > 1; thus 
Sa{—r{lS + aj) = —rqm6 + ma and so E{—r{l6 + a)) cancels with E{—m{rqS — a)). □ 



8. Lie superalgebras of non-zero defect 



In this section we prove Theorem 10.2.41 

Theorem. Let g be g[(2,2) or a simple Lie superalgehra of defect one i.e., q 
s[(l,n),05p(2,n),osp(3,n), osp(n,2) withn>2, L)(2, 1, a), F(4), G(3). Then 

is not simple 3a G At s.t. ^ ^ f^f ^ G Q>o • 

[a\a) 



In other words, in the standard normalization of the invariant bilinear form, for g = 
n), 05p(2, 2n) the vacuum module is not simple iff k + h^ is a non-negative rational 
number; for all other Lie superalgebras of defect one, except for Z)(2, l,a),a ^ Q, and 
for 0l(2,2) the vacuum module V'^ is not simple iff A; + /i^ G Q. For D(2, l,a),a ^ Q 
the vacuum module is not simple iff A; G Q>o U Q>oa U Q>o(— 1 — a), in the standard 
normalization of (.|.). 

Retain notation of 13.31 In this section p, g, r G Z>i, s G Z>o, 7 G A+ \ A. 

8.1. Case g = g[(2,2). Let us show that is not simple iff A; G Q, in the standard 
normalization of (.|.). 

8. LI. Choose a set simple roots II = {/3i,a,/?2} which contains two odd roots [3i := 
£3 — El, P2 '■= £2 — and the even root a := Si — 62- The form is given by {ei\ej) = for 
i 7^ j, {ei\ei) = —{ej\ej) = 1 for i = 1,2, j = 3,4. Then 

A+ = {a,a + (3^ + f32}, A+ = {A, /?2, « + A, « + /^s}, P = -^^^^- 

One has S = {/5i,/?2}, W* = {id, s„} and W*S C A+. Theorem HI gives 

00 

det^.(A;) = n n n 0.7+.i/3i+../3.(^)^'^"'^^^'^^--^^\ 
r=i ^eA+\AiiJ2>o 

where drr,h;j2 = {-lY^+^^P^''^+^^+^^R-^e-P{l - Sa){eP'^'^'~^^^^~''"') . 



Note that (/?i,7') = {^2,1') for any 7' G A. Therefore 0r7+ji/3i+j2/32 depends on rj and 
the sum ji + j2 and thus 

1 , C _ TTOO TT TT , dim g^dr7;m (i^) 

uei — 1 I l^gA+\A 1 lm>0 V^r7+m/3i ' 

where the new exponents dry^m are given by 

(21) Rdrr,m = (-l)(^'+i)fW+-e-^(l - s,)(e''-'-V(m)), 

where 

m 

J(m) := ^ e-^'^i-^'"-^')^^ 
i=o 

8.1.2. Set a' := a + Pi + ^2- Write 7 = Z5 + 7', where 7' G A. The factor (pr-y+m^i is 
proportional to — b{r; 7; m), where 

r(7'|y)/2 - (p - m/3i|y) r(7'|y)/2 + (m + l)(/3i|y) 



b{r; 7; m) : = 
We have the foUowing table 



7' 


b{r; 7; m) 


0;±A 





±(a + A) 


-j-m+l 
/ 


±a 


=F(m+l)+r 


±a' 


^(m+1)— r 



8.1.3. In the space £ of regular exponential functions let Sy-js (resp., Sy-s) be the subspace 
generated by c^, A = xsS + XaOt + X\(i\ + X2/52 G I),, where xi + X2 = ?/ (resp., x^ = y). 
Clearly, Sy-i3,£y-s are invariant under the linear operator Q kh. e~^Sa{e''Q). We denote by 
Pi- 13 (resp., P+;/3) the projection S Si- 13 (resp., S Z]^>o ^^x;/?) with the kernel '^^^i Sx-,13 
(resp., £ Zlx->o ^-^■;/3) ^'^'^ t)y P;;^ the projection £: Si-s with the kernel Y^y^i^yiS- 
Recall that J(m) G £-m;fi- 

8.1.4. Case /c = —p/q- Let us show that M^pjq 7^ if p, g are positive integers. Retain 
notation of 13.2. 3| 18.1.31 Notice that b{r;'y;m) = —p/q forces that 7' G A+ U {—a'}. The 
formula ()21|) shows that Rdr-y-^m ^ ^j;/3 for some i < if 7' G A'^, and for 7' = —a' we 
have Rdr^-m G £2r-m;i3 H i^r/;<55 where 2r — m > 0, because = | > 0. Therefore 



Xin;r;l ; 



{m,r,l)S:Xi 

Xi ■= {(m,r,/)| r,/ > 1, m > 0, ^^^f^ = f . = 0, 

:= Rdr(is-a'y,m = (- l)™e^'^(''^-')e-^(l - s«)(e^J(m)) 

where the last equality uses (a'la) = 0. Observe that Xm;r;i 7^ since Sa(e''J(m)) = 
gP-(m+i)a jj^^-j^ One readily sees that Xq(p+i) contains a unique triple (0;p+ l;g) and 
thus Pq{p+i)-,5 o P+;/3(M_p/g) = xo-p+i-q. Heuce M_p/g 7^ as required. 



8.1.5. Case k = p/q. Let us show that Mp/g 7^ if p, g are positive integers. Retain 
notation of 13.2. 3[ 18.1.31 We will use the following formula: 

(22) J{m){e-^'^' + e-^^^) = J{m + k) + 6'''^'^'+^^^ J{m - k) for m > A; > 0. 
Note that 

6(r; 16 — a — Pi] m + r) = h{r; 15 — a';m + 2r) = 6(r; 16 — a; m). 
Combining ()21|) and ()22|) we obtain 

dr{lS~a-f3i);m+r + dr(lS-a-f32);m+r + d.r(lS-a);m + d.r(lS-a');m+2r = 0. 

Then 

Z]-m,r,/:2i±i^ = £, m<2r Rdr(lS-a');m J2m r I- '-('"+1) ^£ Rdr{lS+a);m- 

' g ' ' * Z g 

One has Rdr(lS-a-l3jy,m ^ ^r-m;/3 and Rdr(lS-a');m G ^2r-m;^, whereaS Rdr(^lS+a);m ^ ^-m;l3- 

Therefore 

r{/5H-a);0 • 

Hence o Po;/3(M„p/,) = Rd^p+i)^gs+ay,o 0, and this gives Mp/g ^ 0. 

8.2. Superalgebras of defect one. Let g be a basic classical Lie superalgebra of defect 
one: g = sl(l,n), osp(3,2n), osp{N,2), osp(2,2m), F(4), ^(3), D(2, l,a). The root 
systems of these Lie superalgebras are described in Sect.UHl in particular, the group W* 
is explicitly written there. We retain notation of Sect. ^1 and for each algebra fix a system 
of simple roots 11 described there. One has S = {/?} C 11, where (3 is an isotropic root 
given there. 

8.2.1. Write j = 16 + 7', where 7' G A U {0}. The factor (pr^y+s/sik) is proportional to 
k + h}^ — b{r] 7; s), where 

(23) ,)^,'-(7-|7-)/2-(p-W)^ 
For 6 7^ Theorem 13.41 gives 

(^.^ Mb = E{r;s;7):6(r;7;«)=fe ^(^5 s) , whcre 

^ ' E{r- 7; s) := (-l)^+(-iW7) ^^^^4_i)K-)e--(-'-7-/5). 

Using the W^-invariance of 6 and {p — p), we get 

E{r;^;s) = Stabvi/#(p - r7' - s/?) 7^ id . 



8.2.2. If the term E{r;'y;s) is non-zero, it is a sum of the form where all 

summands are distinct and there exists a unique index i such that Aj is dominant with 
respect to 11* (i.e., {\i\a) > for any a G 11*). As a result, ^i^j E^ri-j'ji; Si) = iff the 
index set I admits an involution a : I ^ I such that £'(rj; 7^; Si) + E{r„(^i)] ^o-ii)) = 0. 

We will prove that Mb 7^ by exhibiting the triple (r; s; 7) such that 

(z) bir;r,s) = b & Eir;r,s)^0, 
^ ' (ii) 6(r'; /x; s') = 6, /i G A \ A =^ E(r; 7; s) + E(r'; /i; s') ^ 0. 



8.2.3. Cancelation. Suppose that 7,71 G A are such that 7 = 71 + /3 and dimg^ 
dimg^-^ = 1. Then (f)r-y+s/3{k) = (pr-yi+(s+r)i3{k) and(ir;s;7 = —dr-s+r-^-n since (— 
_(_l)(r-i)p(7i)+r+.. As a resuh, 0^;?;^. cancels with ■ 



r>l,s>0 r>s>0 



8.3. Case 1^(2,1,0). Retain notation of 110.101 and note that {p\5) = 0. We will show 
that V'^ is not simple iff G Q>o U Q>oa U Q<o(l + a). If a is rational then V'^ is not 
simple iff G Q. 



8.3.1. Take 7 G A+. Note that b{r; 7; s) = if 7' = 0, ±p. Take 7 such that 7' ^ 0, ±/3. 
In the light ofEZSlif 7 -/5 is a root then 0^^'^^^ cancels 4'r{'--^ -^y^(s+r)/3 • Observe that 
exactly one of the elements 7 — /5, 7 + /5 is a root. Theorem 13.41 gives 

det s^ik) = fc'^(^) n n n Ms+yn+sm'--'''-''^''^ 

for some d^u) G Z>o. 



/>1 r>S>0 7'sA,7-/3^A 



Set P' := {m(5 + J2j=o''^j^j • ^i-,f^2 > 0}. Clearly, for any /i G Q the orbit Vr*;U fl P' 
contains a unique element Yl'j=o''^j^j Stab^i/* /i 7^ id iff mim2 = 0. 



8.3.2. Write 7 = /5 + 7'. For 7' = — /3 one has (pr-y+s/s = k + {p\S). For the remaining 
values of 7' (i.e., 7' 7^ — /3 and 7 — /3 ^ A) we have 





b{r]-f] s) 


iy#(p-r7-s/3)nP' 


-2£o 


(l + a)"'^Y+^ 


+ (2r - s - l)eo + (s + l)ei + 




+ 1)^2 


-(£0 + £^1 -£^2) 


K 


-rl5 + (r - s - 1)^0 + (r + s + l)£i + 




- s - 1)£:2 


-(eo -£^1 +£^2) 


s+l 


—rl5 + (r — s — l)eo + (r — s — l)ei + 


V 


+ S + 1)^2 






- (s + l)eo + (2r - s - 1)^1 + 


\s 


+ 1)^2 


2^2 


r~s-l 


-r/5 - (s + l)£o + (s + l)ei + (2r - 


- s 


-1)^2 


eo + ei + £2 


(1 + a)^ 


-rl5 - (r + s + l)£o + (r - s - 1)^1 + 




- s - l)e2 



8.3.3. Set X := Q>o U Q>oa U Q>o(-l - a) and let us show that Mbj^OiSbeX. 

From the above table we see that for r > s > the term 6(r; 7; s) G X. Hence Mb = 
if 6 ^ X. Moreover, we see that for r > s the vector p — r'-) — s(3 has a non-trivial stabilizer 
in ly* iff r = s + 1 and 7' G { — (^o ~ £^1 + ^2)5 — (^^o + — £^2)5 £^0 + £^1 + ^2}- It is easy 
to see that the entries of last column are pairwise distinct i.e. H^*(p — rj — sjS) fl P' = 
W#(p-ri7i-Si/3)nP' forces (r; 7; s) = (ri;7i;si). In the light of|H]Z21we obtain Mf, 7^ 
for 6 G X, as required. 



8.4. In the remaining part of the section g has defect one and g 7^ D(2, 1, a). 

8.4.1. Notation. In all cases, f)* has a basis ^o! ^i? • • • , and VT* stabilizes £9 and leaves 
invariant the space t)* := X]i>i /i G f) we denote by the corresponding 

coordinates of fi and by /i* the projection of /i on 



/x=:/(5 + ^/i(%, /i#:=^/i»£i 



i=0 1=1 



8.4.2. Recall that stabilizes 5 and eo- As a result, for 7,/i G A we have 



E(r; 7; s)+E(r'; /i; s') = ^ r7'^ = rV & 



r7(o) + s = ryo) + s' for g ^ F(4), 

r7 W + s/2 = ryo) + s72 for g = F(4). 



8.5. Proof that Mp/q 7^ for g = osp(3,2). We will deduce that Mp/g ^ from (j^ . 
Observe that b{2p + l;q5 + ei;0) = p/q. One has 

p-r-f-sP = -r-i^^H - (s + 1/2 + r-i^^^)eQ + (s + 1/2 - r7(^))ei. 

Therefore E{r] 7; s) 7^ for any 7 G A. Let us show that E{r] 7; s) + E{2p + 1; g5 + 
£1; 0) 7^ for any triple (r, s, 7) such that 6(r; 7; s) 7^ 0. Assume that i?(r; 7; s) + i?(2j9 + 
1; q5 + £1; 0) = 0. Then (p - r7 - G iy#(p - (2p + l){q5 + ei)), that is r-^^^^ = 
{2p + l)g, r7^°'' + s = 0, 1/2 — r7''^-' = ±(2p + 1/2). The second formula gives 7*-''-' < 0. 
Since 6(r; 7; s) = for 7' G {0, ±/3}, we have the following cases: 7' G {±£1, ±2ei}, s = 
or 7' G {— ^o, — ^0 — = Bv 18. 2. 31 the terms corresponding to 7' = —£1, —2ei, s = 
cancel with the terms corresponding to 7' = —Eq, —Eq — Ei, r = s. It remains to show 
that E{r; 7; s) + E{2p + 1; /5 + £1; 0) ^ for 7' G {^i, 2£i}, s = 0. If 7' = 2£i we get 
1/2 — 2r = ±(2p + 1/2) which is impossible. Finally, for 7' = ei the formulas 1/2 — r = 
±(2p+l/2),r/ = (2p+l)g giver = 2p+l,g = / and thus ^(r;7; s) + E(2p + l; + 0) = 
2E{2p + 1; /5 + ei; 0) ^ 0. Now the inequality Mp/q ^ follows from 

8.6. Proof that Mp/q ^ for g 7^ osp(3, 2). Fix p, g G Z>i. 

Recall that there exists an isotropic root a G A+ satisfying {a\(3) = —1, («|p) = 
1, a^^^ = (3^^\ One has b{m; q6 — a; p — 1) = p/q for any m > 1. It is easy to see that 



E{m; q5 — a;p — 1) 7^ for m » 0. It remains to verify the condition (ii) of ()25|1 for 
some m >> 0, i.e. to show that 

(26) 3m >> s.t. 6(r; 7; s) = p/g =^ E{m;q6 — a;p—l) + E{r;'y;s)j^0. 

We claim that this holds if m >> is a prime number. 

Indeed, assume that 6(r; 7; s) = p/q and E{m; q6 — a; p — 1) + E{r; 7; s) = 0. Write 
7 = /(5 + 7'. Bv 18. 4. 2I one has rl = mq. 

The assumption gives ''(t' It )/2-(p-a/3|7 ) _ 2_ Notice that the numerator of the left-hand 
side is an integer and thus I is divisible by q except the case q = osp(3, 2n), 05p(2n + 
1, 2), 7' = zb^j. Using rl = mq we get (r; /) G {(m, g), (1, mg)} if g 7^ osp(3, 2n), 05p(2n-|- 
1,2) or yy^±e,. 

If g = osp(3, 2n), 05p(2n+l, 2), 7' = ±£i, then r(7'|7')— 2(p— s/?|7') is an integer, so 21 is 
divisible by q. Therefore rl = mq gives that (r; /) G {(m, g), (1, mq), (2m, g/2), (2, mg/2)}. 

Now 18.4.21 gives 



Since m >> we obtain r'j^^^ « so 7^°-' < and r >> 0. Examining root systems, we 
see that 7^°-' < implies that either 7*^°^ = —P^^^ or 7' = —2P^^^€o. Finally, we obtain the 
following cases: 

(i) 7(0) = -pm and (r,/,s) = (m,g,p- 1); 

(ii) 7' = — 2/3'^°)£:o and (r, Z, s) = (m, q,m + p — 1); 

(iii) g = 05p(3, 2n), osp(2n + 1, 2), 7' = — eo and (r, /, s) = (2m, g/2, m + j9 — 1). 

We will show that the cases (ii), (iii) do not hold and (i) implies (r; s; 7) = {m;p—l; 16— a), 
that is E{m; q6 — a; p — 1) + E{r; 7; s) = 2E{m; q6 — a;p — 1) 0. 

8.6.1. Case (i). Substituting in we get m(7'|7')/2 — (p — S/9|7') = p. The condition 
m >> forces (7'|7') = and thus {p — (p — 1)/9| — 7') = p. Since 7*^°^ < the root —7' 
is positive and isotropic. From Lemma llO.l.H —7' = a. Hence b{m;'j;s) = p/q forces 
(r; s; 7) = {m;p — 1;16 — a). 

8.6.2. Case (ii). One has m7 + s/? = m(7 + /?) + (p — l)/5 and 7 + /5 G A, since 7' + /3 = 
G a (2/3('')£:o is a root, so A is invariant with respect to the reflection s^^). Clearly, 

(7 + /5)(°) = By KKH b{m; 7 + - 1) = p/q implies 7 + /5 = M - a, which 

contradicts 7' = — 2/5'^°^£:o- 



8.6.3. Case (iii). In this case g = osp(3, 2n), osp(2n + l,2),n > 1. Substituting in (j^ . 
we get p — 1 + (pI^o) 7^ p/2, which is impossible since (pl^o) = — 1/2 > 1. 



8.7. Case M_piq. We claim that 

(27) 6(r; 7; s) < =^ 7 G A+ \ {(3} or 7' = Zsq n A. 

Indeed, take 7' G A^. Since all simple roots, except (3, have positive lengths squared, both 
(7'lp), — (7'!/?) are non-positive. From (^Hjl we see that 6(r;7;s) > forces (7'|7') < 0. 
Examining the root systems we see that (7'] 7') < iff 7' = Z^q H A. 

8.8. Proof that M_p/g = for g = sl(l, n), = 05p(2, 2n - 2). 

8.8.1. Take 7' G Aj" such that 7' + /3 A. Let us show that E(r; 7; s) = 0. 

Indeed, 7' + /? ^ A forces (/5|7') > 0. Since (3 is the only isotropic root in 11, {a\[3) < 
for any a G A+. Hence (7'!/?) = 0. Set U2 := {a e U* : {a\(3) = 0} and define A+, 
P2,W2 corresponding to 112. It is easy to check that (/5|7') = forces 7' G A2. As a 
result, (p2 1 7') = {p\l')- Since 6(r; 7; s) < 0, ((221) gives (p2 -r'y'\p2 -r^') < (P2|P2)- Then, 
bv lll.H p2 — r'~f' has a non-trivial stabilizer in W2- Observe that f3, p — p2 are iy2-iiivariant. 
Hence p — vj' — s(3 has a non-trivial stabilizer in W2 C ly*. Therefore ii^(r; 7; s) = 0, as 
required. 

8.8.2. Retain notation of lTimiTm For 51(1, n), C{n) (j27|) gives b{r; 7; g ) < ^ 7^ G 
A+ \ {/?}. Notice that for 7' G A+ \ {f3} one has 7' - /? G A. Combining EI2IS1 and EEH 
we conclude that M_p/g is the sum of E{r; 7; s), where 6(r; 7; s) = —p/q, 7', 7' -|- /? G Aq 
and r > s > 0. 

8.8.3. = s[(l,n). The conditions 7' G Ao,7' + f3 e A+ mean that 7' = £1 — 

(1 < m < n). Since hir^-^^s) < 0, gives m — 1 -|- s > r. Using the condition 
s < r we see that the permutation (l;r — s -|- 1) stabilizes the vector p — v^' — s/3 = 
{-njl - s)eo + (n/2 -r + s)ei + Y.2<i<n i^m(^/2 + 1 - + in/2 + l~m + r)em- Hence 
M_p/g = 0. 

8.8.4. Q = C{n). Inthis casep(*) = for 2 > 1. The conditions 7' G A^, 7' -F/? G A+ 
mean that 7' = 2ei; ei± Em [1 < m < n). 

For 7' = £1 — Em the permutation (1; r — s -|- 1) stabilizes p — r'y' — s(3 as in 18.8.31 

Fix m G Z such that 1 < m < n and set 7' := Ei + Em- One has h := b{r;'y, s) = 
2n+i+s-m-r ^ = ^ _|_ _ = ^ _|_ X — j for j ^ 0, 1, m, and Xm = nW — ra — r. 
Since 6 > 0, one has > — (n + 1 — m); if a;i ^ n + 1 — m then (p — r'j' — has a 
non-trivial stabilizer (since either xi = or xi = ±Xj for 1 < j < m). If si = n + 1 — m, 
then r — s = m— l,so6 = ^("+^^~'") and 

(28) Se.-e^ip -n' -s(3) = {n + l-m- r)Ei + ^(?2 + 1 - j>„. 

i=2 



For 7' := 1e\ one has h := h{r\^\s) = H(!L_!l±£i^ ^nd so 6 > forces m < n for 
m := r — s + 1; since s < r, we have 1 < m < n. One has p — r'f' — s(3 = + m — 
^)^i + Ej=2(^+l-J>n- Using (j2Hl) we get E(r; /(5 + 2£i; s) +E(r; W + ei s) = 0, 
and this completes the proof for g = C{n). 

8.9. Proof that M_p/g ^ for ^ sl(n, 1), C{n). Our proof is based on 

8.9.1. = osp(2n, 2). One has 6(r; W - 2^0; s) = 2 "+^^-^ Clearly, 6(r; M - 2^0; s) can 
be any negative rational number. Fix (r; s; /) such that 6(r; /5 — 2eo; s) = —p/q. The term 
{p — r'j — s/?)* = (n — 1 + + X]r=2('^ ~ '^)^« dominant with respect to 11*. It is easy 
to see that this implies E{r; 15 — 2eQ] s) 7^ and E{r; 15 — 2eo; s) + E{r'; 1'5 — 2eQ] s') 7^ 0. 
The inequality 6(r; 15 — 2eQ] s) < gives r > n + s. Then, by I8.4.2| E{r; 15 — 2eo; s) + 
E{ri] 7; si) 7^ if y e A+. Now ^ follows from Hence M_p/g 7^ 0. 



8.9.2. One has 



^"+^^7^-^ for g = osp(2n + l,2),05p(3,2n); 

s+3— r 



h{r-l5-e^-s) = { 3^ for g = F(4); 



2s- 



l 



for g = G(3). 



Fix (r; s; I) such that 6(r; 15 — Eq; s) = —p/q and r is odd. Then r > s and thus, bv 18.4.21 
E{r; 15 - 260; s) + E{ri] 7; si) 7^ if 7' G A+. Using ^\ we reduce JSH) to the formulas 

(29) E{r;l5-eo;s)^0, 

^ ' {ii) E{r;l5 - eo;s) + E{ri;-f;si) a b{ri;-f;si) = -p/q k y = -teo. 

Take 7 = /i5 — teo = 1)2). We have: (p — SiP — ri7)* = (p — si/5)* is dominant with 
respect to 11*, and this gives i). To verify ii) assume that p — s(3 — r{l5 — Eq) = 
w{p — SiP — ri7) for some w G VT*. Then w = id, Si = s and thus r{l5 — Eq) = ri7, 
that is r = rit,rl = ri/i. Since r is odd, we have t = 1 and (ri,/!) = {r,l). Hence 
E{r; 15 - Eo] s) + E{ri; 7; Si) = 2E{r] 15 - Eq] s) and ^ ii) follows from ^ i). 



9. Simplicity of minimal Ty-ALCEBRAs 



Let g be a simple contragredient finite-dimensional Lie superalgebra and let fe be a 
root vector attached to the lowest root —6, which assumed to be even. Let (.|.) be the 
invariant bilinear form on g, normalized by the condition {6\6) = 2. This normalization 
may differ in the super case from the standard normalization (due to inequivalent choices 
of 9). The corresponding dual Coxeter numbers /i^ are listed in |KWlj . In Section ITUl 
we list them in the standard normalization of (.|.). For each k E C, one attaches to the 
above data a vertex algebra W'^Iq, fe), as described in [K RW] . |KWlj . called the minimal 
ly-algebra. We denote by Wk{g, fe) its (unique if k ^ — /i^) simple quotient. Our goal is 
to determine when W^{g, fe) is simple. We assume that k 7^ —hy, since in the "critical" 
case, when k = —h^, W^{Q,fe) is never simple. We shall also exclude the case g = 5I2, 
since W^^'^{sl2, fe) is isomorphic to the Virasoro vertex algebra with c = 1 — 



9.1. Main results. In |KRWj . |KWlj a functor H from the category of restricted - 
modules of level k to the category of Z-graded W^{q, /6))-modules is described. The image 
of the vacuum g-module is the vertex algebra W^{q, fg), viewed as a module over itself. 
The vertex algebra W^{q, fg) is simple iff H{y^) is an irreducible module. 

9.1.1. According to |Arj the functor H is exact and H[L{X)) is either zero or irreducible; 
one has |KWlj . jXrj: H{L{X)) = iff fao acts locally nilpotently on L{X). 

9.1.2. Theorem. 

(i) The vertex algebra W^{q, fg) is simple iff the Q-module is irreducible, or k E 
Z>o and has length two (i.e., the maximal proper submodule of the Q-module 
yk irreducible). 

(ii) If Q is a simple Lie algebra, q ^ SI2, then the vertex algebra W'^Q^fg) is simple 
iff the Q-module is irreducible. 

Proof. Bv 19.1.11 W^{Q.,fg) is simple if the g-module is irreducible. Let be the 
maximal proper submodule of V^. If A; G Z>o and A^ is simple then, bv l9.1.H H{y^ /N) = 
H{L{kAo)) = and H{N) is simple. Hence HlV'') is simple. Now assume that W^{q, fg) 
is simple and V'' is not irreducible. Since C[/qq] acts freely on V'', fao does not act 
locally nilpotently on A^. Therefore H{N) is a non-zero submodule of W^{Q,fg). Hence 
H{y^ /N) = H{L{kAo)) = 0. This gives k e Z>o. It remains to show that A^ is simple. 

Recall that fao,^ao generate a Lie algebra s isomorphic to sl(2). Let f be a singular 
vector such that Clfa^lv is a simple Verma module over s. Let A^' be a g-submodule of 
V'' generated by v and A^" be the maximal proper submodule of A^'. Since C[fao]v is a 
simple Verma module over s, A^" does not meet C[fao]v and thus H{N'/N") 7^ bv l9.1.1[ 

Now let A^' be any non-zero submodule of and f be a singular vector in A^'. Note 
that C[/Q,(,]f is a Verma module over s, which is either simple or has a unique proper 
submodule with an s-singular vector v'. Since [fao^^a] = for any a G H \ {ao}, v' is 
singular. Therefore either v or v' is a singular vector, which generates a simple Verma 
module over s. By above, H{N') 7^ 0. 

Let A^' be the maximal proper submodule of A^. By above, H{V^/N) = and 
H{N/N') 7^ 0. Since H{V^) is simple, this gives A^' = and establishes (i). 

Finally, (ii) will be proven in I9.2M931 below. □ 
Now Theorem 10.2.11 gives 

9.1.3. Corollary. Let q be a simple Lie algebra, 7^ s[2. Then the vertex algebra 
W'^{Q.,fg) is not simple iff l{k + h"^) is a non-negative rational number, which is not the 
inverse of an integer (here I is the "lacety" of q). 



9.1.4. Remark. Recall (see |KWlj ) that Vr'^(g, /e) has central charge 

k sdim 



k sdim g , , 
(30) c=^;,—^-6k + h^ 



if (^1^^) = 2. For example, if k + n = p/q, where p,q & ^>i, the vertex algebra W {sin, fe) 

has the same central charge for ki = —n + p/q and /c2 = —n + "^^"^q~^\ /p- For n > 2 
we obtain pairs of non-isomorphic VT-algebras of the same central charge: if p = 1 and 
g > 1, the vertex algebra W''^{sin, fe) is simple, but the vertex algebra W''^{sln, fe) is not 
simple. (For n = 2 these ly-algebras are isomorphic.) Note, that in contrast to the case 
of of rank > 1, W''{sl2, fe) is simple for k G Z>o. 

9.1.5. The following corollary follows from the above results and the description of the 
N = 1,2,3,4 and big = 4 vertex algebras, given in |KWlj . in terms of the minimal 
ly- algebras. 

Corollary. 

(i) The Neveu-Schwarz (N=l) vertex algebra is simple iff its central charge c is not 
of the form |(1 — ^^^^); where p and q are relatively prime positive integers 
such that p > q and p/q is not an odd integer. (The latter set coincides with the 
set of central charges of N = 1 minimal models, cf. e.g. j KRWj . (6.3).) 

(ii) The N = 2 vertex algebra is simple iff its central charge c is not of the form 
3 — Qp/q, where p and q are relatively prime positive integers and q > 2. (The 
subset with p = 1 of the latter set coincides with the set of central charges of 
N = 2 minimal models.) 

(iii) The N = 3 vertex algebra with central charge c is simple if c is not a rational 
number. For all other values of c, except, possibly, for c = —3b, where b is a 
positive odd integer, this vertex algebra is not simple. 

(iv) The N = 4 vertex algebra with central charge c is simple if c is not a rational 
number. For all other values of c, except, possibly, for c = —6b, where b is a 
positive integer, this vertex algebra is not simple. 

(v) The big N = 4 vertex algebra with central charge c is simple if c ^ Q>o U Q>oct U 
Q>o(— 1 — a). For all other values of c, except, possibly, for c = —3b, where b is 
a positive odd integer, this vertex algebra is not simple. 

Proof. Combining Theorem 19.1.2^ Theorem 10.2.4^ and formula ()3()|1 . we obtain (iii)-(v). 

(i) follows from Theorem 15.2.11 We will give another proof by deducing (i) from The- 
orem 012121 Indeed, set a{k) := 2k + 3. Formula §^ gives c = f - 3(a + i). By The- 
orem |n]2!21 for Q = osp(l,2) with the standard normalization {6\6) = 2, is simple iff 
« ^ Q\{2;;^}~=o- By TheoremEia W''iosp{l,2), fe) is simple for a ^ Q\{^}-^o, 
and is not simple for a G Q \ { 2m^i i + 3}^^q. Since c(a) = c(l/a) and the Neveu- 
Schwarz vertex algebra W''{osp{l,2), fe) is determined by its central charge, the vertex 
algebras W'^{osp{l,2), fe) and W'^' {osp{l,2), fe) are isomorphic if a(/c)a(/c') = 1. Hence, 



since W''{osp{l, 2), fe) is simple for a G ( 2^+1 ^"^=0' simple for a G {2m + IjJ^J^^Q. 

Hence W^''(osp(l, 2), fe) is not simple for c = ^-3(0+^), where a G Q\{2^; 2m+l}^^Q. 
Since c(a) = c(l/a), we can take a G Q \ { ^.J^-^ ; 2m + 1)^=0 ^^^^^ ^^^^ a > 1 and write 
a = p/q, where p and g are relatively prime positive integers. This proves (i). 

(ii) The N = 2 vertex algebra is isomorphic to the minimal W^-algebra W'^{si{2, 1), fe) 
[KWT] . and by formula §^ one has c = —3 — 6k. Combining Theorem 19.1.21 (i) and 
Theorem 10. 2. 4| we see that W'^{si{2, 1), fg) is simple if c is not of the form 3 — 6p/ q, where 
p and q are relatively prime positive integers, and that for all other values of c, except, 
possibly, for c = —36, where 6 is a positive odd integer, this vertex algebra is not simple. 

By Theorem 19.1.21 (i), it remains to verify that if is a non-negative integer, then 
the vacuum sl{2, l)-module has length two, i.e., the only singular vectors in V'' have 
weights kAo and s^q./cAq. Consider the natural embedding sl(2) into s[(2, 1). We will 
describe the weights of s[(2)-singular vectors in V'' and then deduce the required assertion 
from the fact that (fcAo + p, kAo + p) = {p + P, P + p) if is the weight of singular vector 
in V''. 

Let a be an even root for s[(2, 1) and P,a + P he odd roots. Choose the following set of 
simple roots for s[(2, 1): {a + /?, — /?}; then 9 = a and the set of simple roots for s[(2, 1) 
is {a + P, —j3, ao := 6 — a}. Note that sl(2, 1) contains a copy of s[(2) with a common 
simple root ao- As a result, the shifted actions of the reflection sq := with respect to 
s[(2, 1) and sl(2) coincide, i.e., s^.p = Sq{p + p) — p = So{p + p') — p', where p corresponds 
to st(2|l) and p' corresponds to sl{2). 

For S C A"*" set \S\ = J^-yes^- ^ Verma module M(A) over st(2|l) has a filtration by 
s[(2)-modules M'(A - |^|): S C A+ \ A+. Let V'' be the vacuum module over sl{2, 1). 
Since sl{2) acts locally finitely on V'', has a filtration by generalized Verma s[(2)- 
modules M}(A- where / = {a}. One has M'j{\) = M'{p)/M'{sa.p). Since the Weyl 
group of sl(2) is the infinite dihedral group generated by Sa, sq = Sao, Mj{p) has at most 
two sl(2)-singular vectors: of weight p and of weight SQ.p if SQ.p < p. Thus the weight of 
a sl(2)-singular vector of V'' is of the form kA^ — \ S\ or So.(/cAo— \S\), where S C Aj*' \ Aj,*". 
For S* = we have kAo and sq./cAq. Let us show that there are no other s[(2|l)-singular 
vectors. 

Indeed, if /i is a weight of s[(2)-singular vector then (A + p, A + p) = {p + p, p + p). 
Since {sQ.p + p, SQ.p + p) = {p + p, p + p), it is enough to show that for 5 7^ one has 
(fcAo + p, fcAo + p) > (A^Aq — \S\ + p, kAo — 15*1 + p), which can be rewritten as 

(31) 2ikAo + p,\S\)>i\Sl\S\). 

For p G Ai = {±a ± /5} set Sf, := S n {k6 + p}k>o, := #5*^. Then S = U^eAi 

= X]/iGAi I'^/il- Observe that S*^ = {rj5 + pj^^i, where 1 < ri < r2 < . . . < r^^ and 



thus 15*^1 = r6 + Sfj,iJ,, where r > £±iif|±i. Hence 

S = m5+ {sa+(3 - s_a-/3)(a + P) + (s/3 - s_/3)/3 

for some m > ^^g^^ ■^^(■S/i + !)• Taking into account (p, /5) = (p, a + /?) = 0, (p, S) = 1 
we get 

2(A;Ao + p,|5|) =2(A; + l)m> (A; + l) ^ s^{s^ + l). 

/.e{±/3,±(a+/3)} 

On the other hand, 

For S" 7^ at least one of the quantities s^, s_^, Sq,+/3, s_a_/3 is non-zero (and all of them 
are non-negative integers) and thus 

Sfiis^ + 1) > {S-a-f3 - Sa+l3){s/3 - S-./3), 

ti£{±l3,±{a+f3)} 

since k > 0. This establishes fl31|) and (ii). □ 

We believe that in all questionable cases in (iii)-(v) the vertex algebra is not simple, 
but we do not know how to prove this. 

9.2. Outline of the proof of Theorem 19.1.21 (ii). In 19. 211^31 we assume that g is a 
finite dimensional semisimple Lie algebra and /c is a non-negative integer. 

9.2.1. In 19.31 we will show that for k G Z>o, H{V^) is not simple iff Qso,w 7^ 1 for some 
w G W, where Q stands for the inverse Kazhdan-Lusztig polynomial. (This condition 
does not depend on the non-negative integer k and thus H{V^) is simple iff H{V^) is 
simple.) 

Remark that for q = si2, the Weyl group is the infinite dihedral group; by |Humj . 7.12 
one has ^ = 1 for x < z which implies Qx,z = 1 for x < z. This implies the simplicity 
of H(y'') (which is well-known). 

9.2.2. Let G be the set of pairs (a,X„), where a is a node of a Dynkin diagram X„ 
satisfying the property: 

Qs^,w ^ 1 for some w G W{Xn), 

where W{Xn) is the Coxeter group of type X„. From l?01 we see that (a,X„) ^ 6 iff for 
p being the maximal parabolic not containing a, the generalized Verma module Indp L' 
has length two, where L' is the trivial one- dimensional p-module. 

Geometrically, if X„ is of finite type, (a, X„) G O is equivalent to the fact that a 
certain codimension one Schubert variety is not rationally smooth. It is well-known (see, 
for example, |Kuj . 12. 2. E) that these Schubert varieties are rationally smooth in rank two 
cases (n = 2) and for the pairs (a„,C„) (in enumeration below). We need to study the 
case when X„ is an afiine diagram. 



9.2.3. We have to show that (ao, Xn^) e 0, where Xn"* is the affinization of a finite type 
diagram X„ (n > 1) and ao is the affine simple root. 

One has 

(i) (a,X^) G O, X'^ is a subdiagram of Xm =^ {a,Xm) G 0; 

(a) a G X„ is connected to a' only, (a',X„ \ {a}) G =^ (a;,X„) G 

where "X^ is a subdiagram of Xm" in (i) means that the set of nodes of X'^ is a subset of 
the nodes of Xm and the set of edges of X'^ consists of all edges between these nodes in 
Xm', and in (ii) the diagram X„ \ {a} is obtained from Xn by removing the extremal node 
a and the edge between a and a'. We will prove (ii) in l9.4.5j (i) follows from the fact that 
the inverse Kazhdan-Lusztig polynomials are the same for a diagram and its subdiagram. 

Taking into account (jHH), the verification {ao,Xn^) G for n > 2 reduces to the cases 
{a2,A^), (0:1,(73). Here and further we use the following enumeration of the vertices of 

Xn- 

.1 2 3 
A-i : o o o 



^ 1 2 n 

C„ : o = o . . . o 



2 
o 



JJn O O O . . . O 

Indeed, the pair {ao,An^) for n > 2 has a subdiagram (0:2,^3); the pair {ao, Ci'^) for 
n > 2 has a subdiagram (oi, C3); applying ()32l ii) to (0:2, ^43) n — 3 times we obtain the 
pair (a„, D„) and now using i) we obtain the pairs (oq, Xn^) for X = B,D, E; finally, 
applying (jH^ ii) to (ai^Cs) twice we get {ao,F^^^). 

It is easy to verify that for one has Qs2,s2SiS3S2 = 1 + 0') that for C3 one has 

Qsi,siS2SiS3S2Si = 1 + As a result, (0:2, ^3), ("i, ^"3) G 0. The remaining cases (00,-^2^^) 
are verified in 19.51 

9.3. Multiplicity formula. Let W be the Weyl group of q. 

9.3.1. Let N be the maximal proper submodule of V''. By Theorem 19 . 1 . 21 f i ) . it is enough 
to show that N is not simple. Recall that kAo is a dominant integral weight and so all 
subquotients of V'^ are of the form L{w.kAo), w G W, where W is the Weyl group of g. 
The highest weight of N is so-kAo and so L{so.kAo) is a quotient of N. It remains to 



verify that 

(33) [N : L{w.kAo)] ^ for some w ^ Sq. 

Let us describe the multiphcity [A^ : L(w.A;Ao)] in terms of Kazhdan-Lusztig polynomials. 



9.3.2. One has 



wew 



where R = n.eA+(l - e""), Ri = UaeA^ - e"")- 

Using the well-known formula Rj = '^^^wi—^Y^^^e^''^ we get 

ch V^^ = R-^ J2 (-l)'('")e"'-^'^», 

that is 

9.3.3. In |KTj the Kazhdan-Lusztig conjecture was established for the symmetrizable, 
hence affine, Kac-Moody Lie algebras. This gives 

chM(w.A;Ao) = ^ P^,^(l) chL(2.A;Ao), 

where P^^z are the Kazhdan-Lusztig polynomials defined in |KLj (we describe the poly- 
nomials in I9.4|l . One has Py^^z 7^ iff w < 2;. We obtain 

[N:L{z.kAo)]= Yl = E 

w<=W\W w<=W:so<w<z 

Now the condition (j^Hj) can be rewritten as 
(34) Y (-iy^"^+'^-,.(l) ^ '^so,. for some ^gW^. 

One has YjweW:so<w<zi~'^y'''"^^^Qso,wPw,z = Sso,z, where Q^g^w are the inverse Kazhdan- 
Lusztig polynomials. Hence is equivalent to Qso,w{^) 7^ 1 for some w G W. Using 
i) we conclude that (jMj) is equivalent to 

Qso,w 7^ 1 for some w G W. 

9.4. Kazhdan-Lusztig polynomials. Let be a Coxeter group; denote the unit ele- 
ment in W by e. For the elements x,y of W set 

[x,y] := {w : X < w < y]. 



9.4.1. For x,y E W the Kazhdan-Lusztig polynomials Px,y{,<i) can be computed recur- 
sively using the following properties: the polynomial Px^y has degree 

r 0, x^y, 
Px,y = S 1> X <y &nd l{y) - l{x) < 2, 

( _'[ )IM-I{x) Tj p l{y)~l(w) 

where P is the image of P under the algebra involution q i— »• and the polynomials 
Rx^y{q) can be defined recursively by the formulas 

[0, x^y, 

Px,y \ Psx,syi ■^■^ ^ ■^i ^ V i 

y {q- l)Rsx,y + qRsx,sy, sx > x,sy < y, 
where s is a simple reflection. One has 

(35) (i) Rxl = {q- if X < l{y) - l{x) < 2; 
{ill) Rx,y = i-qy^'^^-^'-y^Rx,y. 



By jKLj 2.3.g, one has: 

(36) P^^y = Psx,y if sy < y. 

9.4.2. The inverse Kazhdan-Lusztig polynomials Qy,w{q) are defined by the formula 

(37) ^ ^ ( 1) ^ Qy,wPw,z — ^y,z- 

w 

A geometric meaning of the inverse Kazhdan-Lusztig polynomials is discussed in |KTj . 
Their results imply that Qx,y have non-negative integer coefficients in the case of a sym- 
metrizable Kac-Moody Lie algebra. 

One has: Qx,z 7^ iff x < 2;; for x < z the polynomials Qx,z have the following 
properties: 

{i) Qx,z = 1 + aig + a2g^ + . . . + akq'', ai E Z>o, k < !d£hMi±- 
.^ox (ii) Qx,z = 1 if l{z) - l{x) < 2; 

(iv) Qe^z = 1, for all z. 

The first property follows from jKTj : (ii) follows from (i). From jKTj . Lem. 5.2.1, 5.3 we 
obtain, using (jH3j) : 

q ^ ^Qx,z q^ ^ ^ ^ Q x,wRw~^ ,z^^ (J ^ ^ ^ ^ Qx,w(^ q) ^ ^ ^ ^Rw,zj 

w£[x,z] w^[x,z] 

and this gives (iii). Finally, combining (|37jl and (|36| we get (iv). 



9.4.3. Let 

M{x,z):= J2 i-iy^"^~^^"\^^"^~^^"^R.v,z- 

w£[x,z] 

One has 

(39) Qx,w = l ywe[x,z] M{x,w) = l ywe[x,z]. 

Indeed, assume that Qx,w = 1 for all w G [x, z] . Then for any y G [x, z] one has Qx,w = 1 
for all w G [x,y] and (jHHt iii) gives M{x,y) = 1. For the inverse implication assume that 
M{x,w) = 1 for all w G [x,z]. We prove that Qx,w = 1 by induction on w G [x,z] with 
respect to l{w) (note that l{x) < l{w) < l{z). If l{w) = l{x), for w G [x,z], then w = x 
and Qx,x = 1- Suppose that Qx,w = 1 for all w G [x,z] with /(w) < m. Take ?/ G [x,z] 
such that /(y) = m. Then Q^. ^, = 1 for all w G [x, ?/] and (jHHl iii) gives 

Q.,, = Mx,y - q'^^^-'^'^Ry,y + q'^y^~'^'^Qx,yRy,y = 1 + q'^'^-^^^^Q x,y - 1), 

that is Qx,y - 1 = g'(y)-'(-)Q^, ^ _ 1. If Q^. ^ -1 = 0, then Qx,y - 1 = + 62?'^ + • • • 
where ii < i2 ■ ■ ■ < is and ii + = /(y) — l{x). However, by (jHHl i) 2is < l{y) — /(x), a 
contradiction. 

9.4.4. In jKLj there is the following definition: 

Definition. Given y,w G W we say that y -< w if the following conditions are 
satisfied: y < w, l{w) — l{y) is odd and Py^^, is a polynomial in q of degree exactly 

l{w)-l{y)-l 
2 

Lemma. Assume that y ~< z, l{z) — l{y) > 3. Then Qy^w 7^ 1 for some w G [y, z]. 
Proof. Suppose that Qy^w = 1 for all w G [y, z]. Then (jSZj) gives 

The condition y z implies that the degree of Pw,z is less than the degree of Py^z if w G 
]y,z]. Hence Qy^z has degree and, in particular, Qy^z 7^ 1, a contradiction. □ 

9.4.5. Proof of ii). Let be an extremal node of a Dynkin diagram X„, ai be the 
only node which is connected to and X'^ be the Dynkin diagram obtained from Xn by 
removing the extremal node and the edge between ao and ai. Let W (resp., W) be 
the Coxeter group of X^ (resp., X'^. Assume that (ai,X^) G 9, that is Qsi,z 7^ 1 for 
some z G W] let z be a shortest element with this property. 

Note that Qsi,w = 1 for all w G [si, z[. Formulas (jHEl iv) and (jH^jl give 

(40) M(si,w;) = 1 for all w G [si,2[, M{si,z) ^ 1, M(e, ;z) = 1. 

Let us show that Qs^^z' 7^ 1 for some z' G [sq, Sq-^Sq]. By (jH^ it is enough to verify that 
M(so, so2;so) 7^ 1. Observe that the elements of [sq, sqzsq] are of the form sqwsq, sow, wsq 



if w G [si, z] and sqw ii w < z,w ^ [si^z]. Since w does not contain sq (i.e., w ^ sq), 
one has /(sqwso) = l{w) + 2 if w G and /(sqw) = l{w) + 1 ii w < z^w ^ [^iiA- 

The properties of R^^y imply -Rso«>,so^so = Rwso,sozso = {q - ^)Rw,z (since z ^ Sq) and 
-RsowsoySQzso ~ -Rw,z- We obtain 

+ E»<.(-l)'^'^+'"'^"^9'^"^^»«,. = g'M(si, ^) - g(g - l)M(si, ^) + (1 - g)M(e, 

= l-g + gM(si,z) ^ 1, by(j^. 

Hence Qs„,^' 7^ 1 for some z' < sqzsq. 

Using similar arguments and the fact that M (si, ?/) = 1 for all ?/ G [si, we can show 
that Qso,z' = 1 for z' < sqzsq and thus Qso,so,sozso 7^ 1- □ 

9.5. Rank 2 cases. 

9.5.1. Case A^. In this case the Weyl group W is generated by sq, si, S2, where the rela- 
tions are (sqSi)^ = (soS2)^ = {s^sq)'^ = e. It is easy to see that Qso,sosiS2so = 1 + g- 

9.5.2. Case C2. In this case the Weyl group W is generated by sq, Si, S2, where the non- 
trivial relations are (sqSi)^ = (siS2)^ = (soS2)^ = e. It is not hard to compute that 
Qso,sosisos2Siso = 1 + 0'^- We can also check that Qso,w 7^ 1 for some w using the tables of 
Kazhdan-Lusztig polynomials by M. Goresky: one has Sq -< S0S1S0S2S1S0 ( [Gorj . the case 
B2, No. 57) and then Lemma (9.4.41 implies the required assertion. 

9.5.3. Case G2- Here we use the tables \ijoi\ . Take z := so{siS2Y soSiS2SiSq (No. 133 
in the tables [GorJ; in their notation the afiine root is the third one). We have sq -< z 
and Lemma 19.4.41 gives Qso,w 7^ 1 for some w G [sq, z] (it is easy to see that, in fact, 
Qso,w = lfoTw<z and Qso,z = 1 + g^)- 

10. Root systems of defect one 

The list of simple Lie superalgebras of defect one consists of Lie superalgebras 
A{0,n) = s[(l,n+l),C(n+l) = osp(2,2n), 5(1, n) = osp(3,2n), B{n, 1) = osp(2n+l,2), 
D(n + 1, 1) = osp(2n -|- 2,2), where n > 1, and the exceptional Lie superalgebras 
Z)(2, 1, a), F(4), (7(3) jKlj . |KW2] . In this section we will describe some properties of 
the root systems of defect one, which we use in the paper. 

10.1. We choose a set of simple roots of which contains a unique isotropic root j3. We 
will describe A* and PF* (see 13. 3p . Let H* be the system of simple roots for A* fl A"*". 
We have 



(i) n# = H\{/3}; 



(ii) W*p C A+; 

(iii) if 7^ -0(2, l,a), then there exists a unique simple root ai such that {ai\(3) ^ 0; 
for g 7^ osp(3,2) one has {ai\(3) = —1, (aijai) = 2. 

The following lemma is used in lH.fil 

10.1.1. Lemma. Let g 7^ D(2, 1, a), 5(1, 1). If a is a 'positive isotropic root satisfying 
[p — t/S, a) = t + 1 for some t then a = (3 + ai. 

Proof. Write 11 = ai, a2, . . . , and a = mo/5 + ^mjaj. Since a is isotropic, 
a ^ A*. The properties (i), (iii) imply that mo, mi > 1. One has (p|a) > mi > 1 and 
— {P\a) = nil > 1. The assumption gives (p|a) = — (/?|a) = 1 and thus mi = 1. Then 
{p\<y) = 1 forces mj = for i > 1. Finally, {a\a) = 2 — 2mo = and thus a = (3 + ai as 
required. □ 

10.1.2. The standard normalization of the invariant form B, introduced in |KW2j . is 
given by {a\a) = 2 for an even root a G A*. In this normalization the dual Coxeter 
number /i^ is given by the following table: 



s 


A(0,n-1) 


C(n) 


B(l,n) 


B(n,l), n > 1 


D(n+l,l) 


F(4) 


G(3) 


D(2,l,a) 




n-1 


n-1 


n-1/2 


2n-3 


2n-2 


3 


2 






10.2. Non-exceptional case (0 7^ F (4), G{3), D{2,l,a)). The root system is described 
in terms of a basis {£i}i=o.i,...- We use the following bilinear form (.|.), which a multiple 
of the standard invariant form: {ei\ej) = if z 7^ j and (^oko) = "l; i^il^i) = 1 for 
i > 0. Then in all cases (71I72) G Z for all roots 71,72. We choose P := Eq — Si. One has 
A* = Ao \ Zeo and W* is the sub group of W which stabilizes Eq. One has A* = Aq for 
A{0, n — 1), C{n)] in all other cases, except for 5(1, 1) and -0(2, 1), A* corresponds to a 
simple component of 0o which is not isomorphic to sl(2). 

10.3. Case ^4(0, n — 1). In this case the even part is sl{n) © C. Let {±(^4 — Sj) :! <i < 
j < n} be the root system for sl{n) and {±(^0 ~ £i)}i=i be the set of odd roots of s[(l, n). 
One has A* = Ao,W* = W = Sn- Take 

n := {eo - El, El - E2, E2-E3,..., En-l - En}, II* := 11 H Ao = 11 \ {P}, 
A^ = {^0 — ^i}i=lJ ^0 = {^i ~ ^j}l<i<j<n- 

The highest root is 6 = Eq — En and p = — f ^o + Y17=ii^ + 1 — i)Ei. 

10.4. Case C(n+1). In this case the even part is C„©C. Let {±2Ei; ±Ei±Ej ■ 1 < i < j < 
n} be the root system for the Lie algebra of type C„ and {i^o ± ^j)}r=i be the set of odd 
roots of C{n). One has A* = Aq, W* = W. Take 11 := {eq—Ei, E1—E2, ■ ■ ■ , £:„_i— £„, 2e„}. 
Then 

= {^0 ± ^i}^=l, A(j" = {2Ei, Ei ± Ej}i<i^j<n- 



One has 6 — Sq + ei and p — 



-nso + X)iLi(^ + 1 - i)ei. 



10.5. Case 5(1, 1), n > 1. Take H := {^o - ^i; Then A+ = {eq- 2£i}, A+ = {eq ± 

One has A* = ±2ei, PF* = Z2 is the corresponding Weyl group. One has 
= Eq + El and 2p = —Eq + £1. 

10.6. Cases B{n, 1), 5(1, n) : n > 1. Take 11 {sq — £1, £1 — £2, ■ ■ ■ , £n-i — One 
has 

A^- = {£0 ± ^i] £o}r=i, ^0 = {^h £i ± £j; 2£:o}i<i<i<n if S = 5(n, 1); 
A5^ = {£0 ±£i; A^ = {2£j,£i ±£j;£o}i<i<j<n if = -B(l, n) 

The group VT* is the group of signed permutations of {Ei}f^i and p = — (n — |)£o + 
Sr=i(^ — i + |)£i. One has 9 — 2eo ii q = B{n, 1) and 6* = £o + if = -6(1, n). 

10.7. Case D{n, 1), n > 1. Take 11 :— {eq — £i, £i — £2, ■ ■ ■ , £n-i — £n, £n-i + £n}- Then 

^1" — {^0 i £j}r=l' ■^0" — {^i ^ ^j! 2£o}l<i<j<n; 

VF* is the group of signed permutations of {£j}"^]^ which change the even number of signs. 
One has 9 — 2eq and p = — (n — l)£o + Yll=i{^ ~ 

10.8. Case F(4). The even part of F(4) is 53©s[(2). Let {±£i; ±£i±£j : 1 < i < j < 3} 
be the root system for the Lie algebra of type i?3 and Eq be a root corresponding to s^(2). 
Take 

(3 := |(£o + £1 + £2 + £3), n := -£i, £1 - £2, £2 - £3}, 

= {K^o ± £1 ± £2 ± £3)}, = {^o; -£j, -£i ± £j : 1 < i < i < 3}. 

Normahze the form in such a way that (£0, £0) = —6; then (£i, Ej) = 26ij if i > 0,j > 0. 
One has 9 — Eq and p — —{Seq + £1 + 3£2 + bE^)/2. 

10.9. Case G(3). The even part of ^(3) is (^2 ©s^(2), A# is the root system for G2 and 
1^* is the Weyl group of G2- The roots are expressed in terms of £1, £2, £3 : £i+£2+£3 = 
corresponding to G2 and £0 corresponding to s{{2). We take LI := {£0 + £i,£2,£3 — £2}, 
/3 :=£o + £i. Then 

A5J" = {£0; £0 ± £i : i = 1, 2, 3}, A^ = {2£o; — £1, £2, £3, £3 ~ £2, £2 — £1, £3 ~ £i}- 

Normalize the form in such a way that (£i|£i) = 2 for i > 0; then (£i|£j) = —1 for <i < j 
and (£o|£i) = — 25o,i. One has 9 — 2eq and p = (— 5£o — 3£i + £2 + 3£3)/2. 



10.10. Case D{2, 1, a). In this case the even part is 51(2) © s[(2) © sl(2). We take 

A+ = {eo ±ei± £2}, A+ = {2^0, 2ei, 262} 
and P := Eo ~ ei — 62, H := {/?, 2ei, 262}- One has 6 = 2eo and p = — /3. 

We take A* := {±2ei, ±2e2}; then W*f3 = A'^. We normahze the form as follows: 

(^oko) = — ' (^il^i) = (^2^2) = 1/2, {ei\ej) =0, j. 

11. Appendix 

We will prove two lemmas used in the main text. 

Let be a semisimple finite dimensional Lie algebra, A"*" the set of positive roots, P 
the weight lattice, and W the Weyl group of 0. 

11.1. Lemma. If X e P is such that (A|A) < (p|p), then E{\) = 0. 

Proof. First, StabvK A 7^ id <^==^ E{\) = 0, since Stabv^ A is generated by reflections 
it contains (see, for instance, jjl], A. 1.1). Hence we may assume that A has a trivial 
stabilizer in W. Let A' be the maximal element in the orbit WX; then for any simple root 
a one has Sq,A' < A, hence (A'|a) > Therefore A' = p + ^, where ^ G P"*" and we 

obtain 

(A|A) = (p + e|p + = (pIp) + m) + (2p|0 > (pIp), 
since 2p G Q^. □ 

11.2. Lemma. For each a G A^ and all r >> one has 

ra = w.{r'a'), for some a' G A U {0}, r' > l,w G W =^ w = Sa or w = id. 



Proof. Since IV is a finite group, it is enough to show that for each w G W, w 7^ id, Sa 
one has 

r >> =^ ra^w.{r'a') for a' G A U {0}, r' > 1. 

Assume that ra = w.{r'a'), that is p — wp+ra = r'{wa'). Write p — wp =: ^mj/3j, wa' =: 
"^kiPi, where {Pi} C A is a set of simple roots such that Pi = a. The condition 
w 7^ id, Sa implies that p — wp is not proportional to a so 7^ for some i > 1. One 
has p — wp + ra = (mi + r)Pi + ^^^2 ^^(^ thus "^^^ = ^. Since wa' lies in a finite 
set A U {0}, the set of possible values for "^^^ is finite so the set of possible values for r 
is finite as well, which is a contradiction. □ 
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